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Abstract 

We introduce a class of generalized universal irrational rotation C*-algebras Ag~ = C*(x,w) 
which is characterized by the relations w*w = ww* = 1, x*x = j(w), xx* = "y(e~ 2me w), and 
xw = e~ 2m9 wx, where 9 is an irrational number and 7(2) G C(T) is a positive function. We 
characterize tracial linear functionals, simplicity, and -fT-groups of Ag^ in terms of zero points 
of 7(2). We show that if Ag^ is simple then Ag^ is an AT-algebra of real rank zero. We classify 
Ag^ in terms of and zero points of 7(2). Let Ag = C*(u, v) be the universal irrational rotation 
C*-algebra with vu = e 2m9 uv. Then C*{u + v) = A# i 1+2 |2. As an application, we show that 
C*(u + v) is a proper simple C*-subalgebra of Ag which has a unique trace, K\(C*{u + v)) = Z, 
and there is an order isomorphism of Kq(C*(u + v)) onto Z + Z#. Moreover, C*(u + v) is a unital 
simple AT-algebra of real rank zero. We also calculate the spectrum and the Brown measure of 
u + v. 

1 Introduction 

The irrational rotation C*-algebra Ag has been one of most studied C*-algebras. It is known now 
that Ag is a unital simple C*-algebra with a unique tracial state. There is an order isomorphism of 
K (A g ) onto Z + Z6 and K^Ag) = Z 2 ([32J Eg]). Moreover, Ag is a unital simple AT-algebra of real 
rank zero [TT] . 

Let u and v be two unitary generators of the universal irrational rotation C*-algebra Ag such that 
vu = e 2m9 uv. Then u + v is an abnormal operator of Ag and C*(u + v) is a proper C*-subalgebra of 
Ag. In this paper, we study the algebraic structure of C*(u + v) and the spectral theory of u + v. Our 
motivation comes from our attempt to relate the theory of strongly irreducible operators relative to 
Hi factors with irreducible subfactors (cf. Prop. 110.71 and the question that follows). 

In fact, we study a class of generalized universal irrational rotation C*-algebras Ag n = C*(x,w), 
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which is the universal C*-algebra satisfying the following properties: 



W*W = WW 



(1.1) 



x*x = j(w), 
xx* =1 (e~ 27TW w), 



(1.2) 
(1.3) 
(1.4) 



xw = e wx, 



where 9 G (0, 1) and 7(2:) G C(T) is a positive continuous function of the unit circle T. As we will 
see that C*(u + v) = Ag \i+ z \ 2 - If 9 is an irrational number and 7(2) = 1, then A# )7 is the irrational 
rotation C*-algebra Ag. In fact, if 7 is invertible, then Ag n = Ag. However, the main interest of this 
paper is to study Ag n when the set of the zero points of 7(2) is nonempty. 

It turns out that, when 9 is fixed, the C*-algebra Ag n only depends on the set of zero points 
and therefore the algebraic property of Ag n is completely determined by the zero points of 7(2). For 
example, we characterize simplicity and uniqueness of trace of Ag n as follows. Let Y be the set of zero 
points of 7(2) and let : T — > T be the rotation of the unit circle determined by 9, i.e., 4>(z) = e 2m9 z. 
Denote by Orb(£) = {(/> n (£) ■ n G Z} for £ G T. Then the following properties are equivalent: 

1. Ag^ is simple; 

2. Ag a has a unique tracial state; 

3. <p n (Y) n y = for all integer n ^ 0; 

4. For each £ G T, Orb(£) fl y contains at most one point. 

If y is not empty, then K\(Ag n ) = Z and K (Ag tl ) is determined by the following splitting exact 
sequence 



We also show that if Ag n is simple, then Ag n has tracial rank zero and is an inductive limit of recursive 
subhomogenuous C*-algebras. As a result, the classification of Ag n falls into Elliott's classification 
program. Indeed, we obtain the following result. Let Q\ and 9 2 be two irrational numbers, 71 and 
7 2 G C(T) be non-negative functions and let y be the set of zeros of 7,, % — 1, 2. Let l5 2 : T — >■ T 
be rotations of the unit circle determined by 9\ and # 2 respectively. Suppose that 0™(y) fl y = for 
all integers n ^ 0, % — 1, 2. Then Ag lj7l = A6i 2i72 if and only if the following hold: 



In particular, when 71 has only finitely many zeros, then Ag iai = Ag 2a2 if and only if 9\ = ±92mod(Z) 
and 72 has the same number of zeros as those of 71. 



->• Z ->■ K (A e ^) ->■ c(y Z) ->■ 0. 



e 1 = ±e 2 mod(z) and c(y, z)/z ^ c(y 2 , Z)/Z. 
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A special case of interest is 

C*{u + v ) = C*(u + v, u*v) = C*(u(l + u*v), u*v) = A 6tl , 

where 7(2) = |1 + z\ 2 . As an application of the above results of generalized universal irrational 
rotation C*-algebras, we show that C*(u + v) is a proper simple C*-subalgebra of Ag which has a 
unique trace, Ki(C*(u + v)) = Z, and there is an order isomorphism of K (C*(u + v)) onto Z + Z#. 
Moreover, C*{u + v) is a unital simple AT-algebra with real rank zero. Therefore, + t>) has 

tracial rank zero. 

The second part of the paper is to study the spectrum of u + v, which is motivated by the "the 
Ten Martini Problem" on the almost Mathieu operator. In mathematical physics, the almost Mathieu 
operator is given by 

{H x ,e,pu){n) = u(n + 1) + u(n - 1) + 2A cos(27r(n0 + /3))u(n), 

acting as a self-adjoint operator on the Hilbert space £ 2 (Z). Here 9,(3, A e R are parameters. Almost 
Mathieu operator was firstly introduced by R. Peierls [27J and has been extensively studied (see [22] 
for a recent historical account and for the physics background). In pure mathematics, its importance 
comes from the fact of being one of the best-understood examples of an ergodic Schrodinger operator. 
For example, three problems (now all solved) of Barry Simon's fifteen problems [36] about Schrodinger 
operators "for the twenty-first century" featured the almost Mathieu operator. The fourth problem 
in [2S] (known as the "the Ten Martini Problem" after Kac and Simon) conjectures that the spectrum 
of the almost Mathieu operator is a Cantor set for all A 7^ and irrational numbers 9. Recently, Avila 
and Jitomirskaya confirmed this conjecture in [T]. For a history of this problem and earlier partial 
results see [221 CO ESI ESI El 121 EI]- 

Recall that the irrational rotation C*-algebra Ag can be represented on £ 2 (Z), by mapping u into 
the bilateral shift (taking into (<f>(n — l)) ne z), and v into the operation of multiplication by e 2nm9 
(taking into e 27rm6l (0(n)) ne a), and then the polynomial (u + Xe 2nt ^v) + (u + Xe 2TCl ^v )* is mapped into 
the bounded self-adjoint operator H^g^. Since A e is simple (when 9 is irrational), the spectrum of 
H\,e,p is the same as the spectrum of the element (u + Xe 2nl,3 v) + (u + \e 2nll3 v)*. A natural question 
is that what is the spectrum of u + \e 2m ^vl If 9 is an irrational number, then by the uniqueness of 
Ag the spectrum of u + \e 2m ^v is the same as u + \X\v . So from now on, we always assume that A > 
and (3 = 0. 

Let t be the unique tracial state on Ag. By the GNS-construction, we obtain a faithful represen- 
tation 7r of Ag on L 2 (Ag, t). The weak operator closure of 7r(Ag) is the hyperfinite Hi factor R. Since 
the spectrum of u + Xv is same as the spectrum of tt(u + Xv) in R, we need only to calculate the 
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spectrum of tt(u + Xv) in R. In the following we identify Ag with 7i(Ag) and thus identify u + Xv with 

7r(u + Xv). 

One of the main results of the present paper is that the spectrum of u + Xv is given by 



't 0<A<1, 



a{u + Xv) 



5(0,1) A = l, 
AT A > 1. 



Another result of spectral theory is related to the Brown measure. L. G. Brown introduced in 
the paper [5] a spectral distribution measure fiT for not necessarily normal operators T in a von 
Neumann algebra M with a faithful normal tracial state r, which is called the Brown measure of 
T. Recently, U. Haagerup and H. Schultz [T7] proved a remarkable result about the existence of 
nontrivial hyperinvariant subspaces of operators in type Hi factors. They proved that if the support 
of fix contains more that two points, then T has a nontrivial hyperinvariant space. However, the 
calculation of Brown measures of nonnormal operators is difficult in general (see|151 El E32])- In 
particular, Haagerup and Larsen in [13] showed that the Brown measure of the sum of two free Haar 
unitary operator T = u\ + U2 is rotation invariant, has support equal to B(0, y/2) (= er(T)), and has 
radial density 

< r < V2 



Mr) 



47r(4-r 2 ) 2 ' 

0, otherwise. 



In section 12, we will show that the Brown measure of u + v (in R) is the Haar measure on the unit 
circle. 

This paper is organized as follows. In section 2 we introduce the class of generalized universal 
irrational rotation C*-algebras Ag n = C*(x,w). We prove that, in fact, Ag n can be viewed as a 
C*-subalgebra of Ag. We also fix some notation that will be used in the later sections. In section 
3, we give some descriptions of the tracial state space of Ag n in terms of zero points of j(z). In 
particular, we show that A has a unique tracial state if and only if each rotation orbit contains at 
most one zero point of 7. In section 4, we characterize simplicity of Ag n in terms of zero points of 
j(z). We show that Aq^ is simple if and only if it has a unique tracial state which is also equivalent to 
the condition that each rotation orbit contains at most one zero point of 7. In section 5, we construct 
Rieffel's projections in every simple generalized universal irrational rotation algebra Ag tT In section 
6, we calculate i^-groups of Ag n . In section 7, using results of section 3-6 and recent development 
in the Elliott's classification program, we show that when Ag a is simple, then Ag n is an AT-algebra 
of real rank zero. We obtain a classification result of simple C*-algebras of Ag n in terms 9 and zero 
points of j(z). In section 8 we prove that the von Neumann subalgebra generated by u + Xv is R for 



5 



all < A < oo, and the C*-algebra generated by u + Xv is C*(u, v) if A ^ 1. However, for A = 1, 
C*(u + v) is isomorphic to Ag\i +Z \2. Therefore C*(u + v) is a unital simple AT-algebra of real rank zero 
which has K\{C*(u + v)) = Z and Kq(u + v) is order isomorphic to Z + 18. In particular, C*(u + v) 
is not *-isomorphic to C*(u,v). 

In section 9 we show that the spectral radius of u+Xv is 1 if < A < 1. A key idea in the calculation 
is using Birkhoff's Ergodic theorem. Then in section 10 we show that the relative commutant ofu + v 
in R does not contain any nontrivial idempotent. By the Riesz spectral decomposition theorem, the 
spectrum of u + v is connected. Combining the fact that the spectrum of u + v is rotation symmetric, 
in section 11 we obtain that a(u + v) — B(0, 1). We show that the spectral radius of (u + Xv ) _1 is 
less or equal than 1 for < A < 1, which implies that a(u + Xv) is contained in the unit circle T. 
Since the spectrum of u + Xv is rotation symmetric, a(u + Xv) = T. By the symmetry of u and v, 
a(u + Xv) = Acr(A _1, u + v) = XT for A > 1. In section 12, we calculate Brown measure of u + Xv. 

Acknowledgements: The authors thank Professor Guihua Gong for many valuable discussions 
on this paper. 



2 Generalized universal irrational rotation C7*-algebras 

Let u and v be two unitary generators of the universal irrational rotation C*-algebra Ag such that 
vu = e 2m9 uv. To study the properties of C*-algebras generated by u+v , we will consider the universal 
C*-algebra satisfying the following properties: 

w*w = ww* = 1, (2.1) 

x *x = 7 (V), (2.2) 
xx * = 7 ( e - 2,rifl w), (2.3) 
xw = e- 2nie wx, (2.4) 

where 7(2) G C(T) is a positive function. 

A C*-algebra Ag^ is universal for the above relations provided that it is generated by operators 
x, w satisfying (I2.ip - fl2.4l) and whenever 21 = C*(x',w') is another C*-algebra satisfying fl2.ip - fl2.4p . 
there is a homomorphism of Ag n onto 21 which carries x to x' and w to w'. By (12. II) . w is a unitary 
operator. So (12.21) implies that < ||7|| 1/ ' 2 . We may consider the collection of all operators x a ,w a 
in B(H a ) satisfying fl2.ip - fl2.4l) . Then form the operator 

x = ®x a and w = Q)w a . 
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Let Ag n = C*(x,w). Then Ag a is the desired universal algebra. Note that if j(z) = 1, then Ag a is 
precisely the universal irrational rotation algebra. So we call Ag n a generalized universal irrational 
rotation algebra. 

Let Aq be the universal irrational rotation C*-algebra with two unitary generators u, v with vu = 
e 2m6 uv. Then W7(i>) 1//2 and v satisfy fl2.ip -( l2~4l) . So there is a *-homomorphism from Ag n onto 
the C*-subalgebra of Aq generated by wy^v) 1 ^ 2 and v. We will show that we may view Ag a as the 
C*-subalgebra of A e generated by W7(t>) 1//2 and v and C*(u + v) = Agh +Z \2. 

By (I2.ip - fi2.4p and simple calculations, we have the following equations. 

x* w = e 2Ti9 wx\ (2.5) 

xf(w) = f(e- 2m0 w)x, V/(z) G C(T), (2.6) 

x*f(w) = f(e 2m9 w)x*, V/(z) G C(T), (2.7) 

(x*) V = 7 (e 2 ^^" 1 )^) 7 (e 2 ™ (r ~ 2)e u>) • • • 7 H, (2.8) 



a; 



'(ae*)' = 7 (e" 2 ™^) 7 (e-^-Ww) • • ■ 7 (e~ 2 ^) . (2.9) 



We apply the universal property to obtain certain special automorphisms of Ag n . For any constant 
A = e 2mt on the unit circle, the pair (Xx,w) also satisfy fj2.ip - fl2.4p . Thus there is an endomorphism 
of Aq^ such that pt(x) = Xx and pt{w) = w. By symmetry, p~t(x) = \x and p~t(w) = w. Hence, 
P-t(Pt( x )) — Pt(P-t( x )) — x an d p-t(pt(w)) = pt(p-t(w)) = w. This implies that p t is an automor- 
phism of Ae.ry. 

For each fixed a in Ag^, the map from [0, 1] to Ag a given by f(t) = pt(a) is norm continuous. To 
verify this, notice that it is true for all noncommutative polynomials in x,x*,w,w*. These are dense 
and automorphisms are contractive; so the rest follows from a simple approximation argument. 

Define a map of Ag n into itself by 



$(a) = / p t (a)dt. 
Jo 



Then the integral makes sense as Riemann sum because the integrand is a norm continuous function. 
By fl2.1|) - fl2.9p and simple calculations, we can see that the following set 

N N 

z n fn(w) + f (w) + f-n(w)(x*) n \ N G N, f n (z), f. n (z) G C(T) 



n=l n=l 
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is dense in Ae a . 

The proof of the following proposition is similar to the proof of Theorem VI. 1.1 of [9]. For the 
sake of completeness, we include a detailed proof. 

Proposition 2.1. The map $ is a faithful conditional expectation of Ag n onto C*{w) such that 
<&(x k f(w)) = &(f(w)(x*) k ) = for all f(z) G C(T) and k G N. In addition, for every a G A 6a , 



1 - 

$(a) = lim w 3 'a(w*Y . 

v ; n^oo 2n + l ^ v ; 



j=-n 



Proof. Since, ||pt(a)|| = ||a| 



< a 



for any scalar < /3j < 1 such that X^j=i 0j = 1- It follows that 



Pt(a)dt 



< a 



We conclude that ||$|| < 1. Since $(1) = 1, ||$|| = 1. Since p*(w) = u> for all t, pt(a) = a for all 
a G C*(io). Hence $(a) = a for all a G C*(it;). By the definition of $, 



p t (a 1 aa 2 )dt = / p t (ai)pt{a)p t {a2)dt = / a 1 p t (a)a 2 dt = ai$(a)a 2 



$(aiaa2; 



for all ai, a2 G C*(w;) and a G Ae a . 

Suppose a = x k f{w) for /(z) G C(T) and k G N. Then 



Pt {x k f{w))dt= / p t {x k )pt{f{w))dt 



2niktk 



x li f(w)dt 



^ ikt dt ) a = 0. 



Suppose a = f(w)(x*) k for /(*) G C(T) and fceN. Then 



$(a) 



Pt {f{w){x*) k )dt= / *(/HM0O*)* 



-2nikt 



f{w){x*) k dt 



—2-nikt , 



dt I a — 0. 



Since ||$|| = 1, $(Ag )7 ) C C*(w;). By Tomiyama's Theorem [37J, $ is a conditional expectation of 
Ae n onto C*(w). If a is positive and nonzero, then pt{a) is positive and nonzero for all t. Thus the 
integral $(a) is positive and nonzero. Hence $ is faithful. 

Suppose a = x k f(w) for /(#) G C(T) and fceN. By equations (|2~3|) and (1231) . 



lim 

n.->oo 2n + 



1 - 



w J a(w*Y 



j=-n 



lim 

n-^oa 2n + 



1 - 

e 2irijke 

+ 1 ^ 



a = lim 



j=-n 



n->oo 2n + 1 



sin(2n + l)7r/c0 
sin7r/c# 



a = 0. 



Hence 

1 n 

$(o) = lim w 3 a(w*Y = 0. 

j=-n 

Similarly, we can show that if a = f(w)(x*) k for f(z) G C(T) and fceN then 

n 

i + 1 ^ 

If a = f(w) for some f(z) G C(T), then 

$(a) = lim — - — 

V ' n^oo 2n + 1 ^ 



$(a) = lim > w j a(w*) j = 0. 

™->oo 2n + 



w 3 a(w*) J = a. 



2n + 

j=-n 

By linearity and continuity, this formula is valid for all a in Ag tT □ 

Corollary 2.2. Va G v4e i7 , p*(a) = a /or a// < t < 1 and only if a G C*(w). 

Proof. If a G A^ >7 and pt(a) = a for all < t < 1, then a = $(a) G C*(u>) by Proposition 12.11 
Conversely, since ptiw) = w for all t, Pf(a) = a for all t and a G C*(w). □ 

Let m = dz/2ir be the unique Haar measure on T. 

Remark 2.3. If 7(2:) G C(T) is a positive function with m({z\ , y(z) = 0}) = 0, then (I2.3P can be 
replaced by a weaker condition 

xx* G C*(w). (2.10) 
To see this, let xx* = h{w) for some h{z) G C(T). Then by (12.51) 

^(w) 2 = x*xx*x = x*h(w)x = h(e 27rie w)x*x = h(e 2 ' wie w)^{w). 

Hence ~f(z) 2 = h(e 2nie z)^(z). Let E = {z\~/(z) = 0}. Then for z G T \ E, 7(2) = h(e 27rie z). Since 
m(T \ E) = 1, 7(2) = /i(e 27r ^) for all 2 G T. Thus h(z) = -f(e' 27rW z), which is fl2~3|) . 

Note that in the irrational rotation C*-algebra C*(w,t>) with vu = e 2m9 uv, wyiy) 1 ^ 2 and v satisfy 
fl2.ip - fl2.4l) . So there exists a homomorphism <p from Aq^ onto C*(w7(f ) 1 ^ 2 , f ) such that <p(x) = 
wyiy) 1 ' 2 and <p( w ) — v - Since the spectrum a(v) is T, cr(u>) = T. Hence C*(w) = C(T). In the 
following, we identify C*{w) with C(T). Let p be the state on C(T) induced by the Haar measure m 
on T. Then p is faithful on C*(w). 

Lemma 2.4. For a G let r(a) = p • $(a). T/ien r is a faithful trace on A e ^. 
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Proof. Since p is a faithful state on C*(w) and $ is a faithful conditional expectation of Ag n onto 
C*(w), r is a faithful state on Ae n . We only need to verify r is a trace. Note that the following set 



N N 



x n fn(w) + f (w) + f-n(w)(x*) n \ N G N, f n (z), f- n (z) G C(T) 



n=l n=l 



is dense in By boundedness, linearity and positivity of r, we need only to verify r(ab) = r(ba) 
for the following two cases. 

Case 1. a — x r f(w), b = x s g(w), r, s > 0. If r + s = 0, i.e., r = s = 0, then r(afe) = r(6a) is 
trivial. Suppose r + s > 0. Then 

r(afc) = r(x r f(w)x s g(w)) = r(x r+s f(e 2ms9 w)g(w)) = p{<$>{x r+s )f{e 2 ™ e w)g{w)) = 0, 

and 

r(ba) = r(x s g(w)x r f(w)) = r(x r+s g(e M w)f(w)) = p{<$>{x r+s )g{e 2 ™ 6 w)f{w)) = 0. 

So r(ab) = r(ba). 

Case 2. a = x r f(w), b = g(w)(x*) s , r, s > 0. If r > s, then 

r(a&) = r(x r f(w)g(w)(x*) s ) = T(x r ~ s f(e- 2 ™ d w)g(e- 2 ™ e w)x s (x*) s ) 

= p^(x r ~ s )f(e' 2mse w)g(e- 27Tise w)x s (x*) s ) = 0, 

and 

r(ba) = T{g{w){x*) s x r f{w)) = r{g{w)(x*) s x s f(e- 2m{r - s)9 w)x r ~ s ) 
= p(g(w)(x*) s x s f(e- 2m{r -^ e w)^(x r - s )) = 0. 
So r(ab) = r{ba). Similarly, we can show that if r < s then r(ab) = r{ba). If r = s, then we have 

r{ba) = p{ba) = p(g(w)(x*Yx r f(w)) = p{g{w)f{w) 1 (e 2m ^ e w) 7 (e 2m ^ e w) ■ • - 7 H), 

= f f{z)g{z) 1 (e^-Wz) 7 (e 2 ™^ 9 z) ■ ■ ->y(z)dm(z), 

r(ab) = p(ab) = p(x r f(w)g(w)(x*) r ) = p(f(e- 2mr0 w)g(e~ 2 ^ 9 w)x r (x*Y) 
= p(f(e~ 2 ™ e w)g(e- 2mre w)-f (e~ 2me w) 7 ( e - 2m29 w) ■ ■ -7 {e'^w)) 

= ! f(e- 2nir9 z)g(e- 2mre z) 1 ( e - M • e 2 ^ r ~^ 9 z) 7 (e~ M • e 2 ^ r ' 2)e z) ■ ■ ■ 1 ( e - 2nir9 z)dm(z). 
J 

Since m is the Haar measure on T, r(ab) = r(ba). 

□ 
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Theorem 2.5. The homomorphism if from Ag n onto C*(wy(v ) 1 ^ 2 , v ) such that (p(x) = wyiy) 1 / 2 and 
(fi(w) = v is an isomorphism. 

Proof. Consider the GNS-construction of A 9r/ with respect to the faithful trace r. Then we may 
assume that A 9r/ faithfully acts on the Hilbert space L 2 (A Sn , r). Let r' be the unique trace on 
C*(u,v), and let x' = wy(v), w' = v. For a noncommutative polynomial p in four variables, 
we have r(p(x,x* ,w,w*)) = t'(p(x',(x')*,w',(w')*)). Hence the operator U : p(x,x*,w,w*) — > 
p(x' , (x')*, w', (w')*) extends to a unitary operator from L 2 (A 0j1 ,t) onto L 2 (C*(wy(v ) 1 / 2 , v ), r'). So 
(p(x) = U*xU is an isomorphism. □ 

In what follows, we will identify Ag n with the C*-subalgebra of Aq generated by u^ x l 2 {v) and v. 
We will take advantage of the knowledge of A e to study A dn . We will use the following conventions: 

Definition 2.6. We may view A e = C(T) xi<^ Z, where : T — > T is defined by (f>(z) = e 2md z for all 
z G T. Define a e : C(T) ->■ C(T) by a g (f) = f o <j> for all / G C(T). Denote by u the unitary in A e 
implementing ae, i.e., = oi$(f) = f o <fi for all / G C(T). 

Let 7 : T — )• i? + be a nonnegative continuous function and let 

F = {zeT: 7(z) = 0}. 

Viewing A 9n as a C*-subalgebra of A 9) it is easy to check that 

A e ^ = C*(C(T),uC (T\Y)), 

the C*-subalgebra of A e generated by C(T) and {uf : f e C (T \ Y)}. 
Let (eT denote by 

the orbit of £ under the rotation 0. 

The following is an easy fact: 

Proposition 2.7. Let 9 G (0, 1) be an irrational number and let Y C T be a subset. Then the 
following are equivalent: 

(1) . 4> n (Y) HY = for any integer n ^ 0; 

(2) . For each £ G T, Or5(£) fl V contains at most one point; 

(3) . Y 1 f]Y 2 = 0, w/iere Yi = U„> o n (r) and F 2 = U fc >i0" fc (y). 
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Proof. (1) (2): Suppose that fel (O>0 fc2 (O ^ F for integers jfe a ^ fc 2 . Then G fcl ~ fc2 (F) n Y. 
This is contradiction. So (2) holds. 

(2) => (3): If £ G Y"i fl F 2 , then there are £ x ,£ 2 G F such that f = e 2 ™^i = e" 2 ™^ for some 
7i > and Jfe > 1. It follows that & G F and e 2m ( n+fc )^ 1 G F. By (2), this is impossible. So (3) holds. 

(3) (1): Suppose that £ G n (F) n F for some integer n ^ 0. If n < -1, then (eliH F 2 . If 
n > 1, then 0~ n (O G F n 0- n (F) C Y x H F 2 . 



3 Traces on generalized universal irrational rotation C*-algebras 

We will continue to study the traces on Ag tT Here, again, 7 G C(T) is a positive function and F is 
the set of zeros of 7. The proof of Lemma [2.41 indeed implies the following result. 

Proposition 3.1. If fi is a complex regular Borel measure on T which satisfies that 



for all f(z) in Cq(T\Y), the unitization of Co(T \F), and let o~(f) = L f(z)d/j,(z) for f{z) G C(T), 
i/ien a • $ zs a bounded tracial linear functional on A$ n . Conversely, every bounded tracial linear 
functional on Ag n is given in this way. 

Proof. If jj, satisfies (13. ip for all f(z) in Co(T\F), then by a similar argument of the proof of 
Lemma [2 A\ a ■ $ is a bounded tracial linear functional on Ag n . Conversely, suppose a is a bounded 
tracial linear functional on Ag~. By Proposition 12. 1^ a(a) = cr($(a)). By the Riesz representation 
theorem, a induces a complex regular Borel measure fi on T. 



□ 




(3.1) 



Since for all f(z) G C(T) 



a(xf(w)f(w)x*) = a(\f\ 2 (e~ 2me wMe~ 2me w)) 
[ \f\ 2 (e- 2me zh(e-^ s z)d^z) = [ \f\ 2 (zh(z)d^e 2mS z) 

JT JT 



and 



a(f(w)x*xf(w)) = a(\f\ 2 (w)j(w)) = [ \f\ 2 (z)j(z)d»(z), 



we have 




Since every continuous function is a linear combinations of positive functions, 
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This implies that is true for all f(z) G t(z)C(T) = C (T \ Y). Since flU]) is true for f(z) = 1, 
/x is a regular Borel measure on T which satisfies 

f(e' 2m0 z)dp(z) = [ f(z)dp(z) 
for all f{z) in Co(T\V). 

□ 

Recall that <fi : T — > T is the rotation of circle by 9, i.e., <f>(z) = e 27Ti6 z for zGl 
Theorem 3.2. Let Y be the set of zero points 0/7(2;). Then the following conditions are equivalent: 

1. There exists a unique trace on A$ a ; 

2. <p n (Y) n Y = for all integers n^O; 

3. For each (el, Orb(£) fl Y contains at most one point. 

Proof. The equivalence of 2 and 3 follows from Proposition 12.71 

"1 2". Suppose that <p k (Y) n F ^ for some integers k 7^ 0. Assume that zi 6 7 and 
-22 = < / )fc (-2 ; i) = e 2mhe zi G V. By symmetry, we may assume that k > 0. Let 

(^-irifl^ + S e 2-!Ti26 zl + • • • + 8 Z2 



where St is the point-mass at t. Then Co(T \ Y) C {/ g C(T) : = /(^)}- Note that for 

/(z) G C(T) with f(z l ) = f(z 2 ) we have 



-2«ie^..,^ H*i) + /(e 2m ^i) + • ■ ■ + f(e 2 ^ k ^ e ) 



f(e- 2 ^z)dfi(z) 

k 

f(e 2 ™ e Zl ) + ■■■ + /(e2*i(*-i)0) + /(^ 2 ) 



f(z)dfx{z). 



T 



By Proposition 13. 1[ /x induces a trace different from the trace given in Lemma 12.41 

"2 =>■ 1" Let C = Co(T \ Y) be the unitization of Cq(Y \ Y), and let p be a tracial state on A# !7 . 
It follows from 13. ll that p = /x o $, where /x is a Borel probability measure on T such that 



f(<p- L (z))dfi(z) = / f(z)dp(z) (3.2) 

T J J 

for all / G C. Define Xo = Y and X n = (p n (Y), n = ±1, ±2, .... By the assumption, {X n : n G Z} are 
mutually disjoint closed subsets of T. We claim that 



/i(X n ) = 0, n G Z. 



(3.3) 
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Let k > 1 be an integer. One can find an open subset GcT such that 



X cG and (f) j {G) H = 



(3.4) 



if % ^ j and —A; < i,j < k. Define < g < 1 in C(T) such that (7(2;) = if z G Xo and (7(2;) = 1 if 
zGT\G. Then # G C (T \ Y). Let /i = 1 - g. Then = 1 if z G X and h(z) = if z G T \ G. 
Moreover, ft, G C. Let hj = ho <f)~\ —k < j < k. Note that = 1 if -2 G (/^(Xo) and = if 

z £ T \ <f>*(G) for —k < j < k. In particular, if —k < j < k and j 7^ 0, then hj(z) = for z G Xo. 
Therefore hj G C (T \ F) C C for -k < j < k and j ^ 0. It follows from O that 



(3.5) 



/ijd/z = / hdfx, —k < j < k. 
J 

Since hj has disjoint support, (13.51) implies that 

1 



°- L h > dfl= h hdfl< 2k + i 



Therefore, 



li(Xj) < 



-k<j< k. 



(3.6) 



(3.7) 



2k + 1 

Since (13. 7p holds for any integer k > 1, we conclude that the claim (I3.3P holds. 

Let / G C(T) and let e > 0. Since /i(X ) = /i(X_i) = 0, we can choose an open subset O C T 
such that 



F C 0,(1.(0) < e/(2\\f\\ + 1) and fi^iP)) < e/(2\\f\\ + 1). 



Define a continuous function g\ G C such that < #i < 1, 



<?i(z) = 0, when z G F and gi(z) = 1 when z£T\0. 



Note that fgi G C. In particular, 



/ fgi <S> ^ = / 



Then 



< 



/(e- 2 ^z)^(^) - / f(z)d/i(z) 

T </ T 

/ (/ - 9if) o + / (fgi - f gi o <j)- l )dn 

JT JT 

(f -9if)d(i 



(3.8) 

(3.9) 

(3.10) 

(3.11) 
(3.12) 
(3.13) 
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< / \(f-g 1 f)o ( f>- 1 \d f i+ [ \f-gifW (3.14) 
Jt Jt 

< ||/||Mr 1 (0)) + ||/||MO)|< e /2 + e /2 = e (3.15) 

It follows that 

/ f(e-^ z)dfi(z) = [ f(z)dfi(z) (3.16) 
Jt Jt 

for all / G C(T). Therefore, /i is the Haar measure on T. This shows that A$ a has a unique tracial 
state. □ 

Remark 3.3. If j(z) has a single zero point, then there exists a unique tracial state on A$ a 

Remark 3.4. If j(z) has two zero points z±, Z2, then there exists a unique tracial state on A$ n if and 
only if there does not exist k 6 N such that z 2 = e 2mke Zi. 

For a C*-algebra 21, we denote by Tr(2l) the space of bounded tracial linear functionals on 21. 
Denote by T(2l) the tracial state space of 21. 

Let A be a subset of T which contains exactly one point of each orbit Orb(£) and let Y be the set 
of zeros of j(z). 

Lemma 3.5. Let £i, £a> •••> £r G A and Yj — Y n Orb(£j), j = 1, 2, r. Let YJ C 7j fe a finite subset 
ofYj and let \Yj\ be the cardinality ofYj, Then dimTr(A6i )7 ) > 1 + X/j=i(l^j'l ~~ -0- 

Proof. Suppose that Yj = (e 2mmj ' ld )zj t i, ■ ■ • , (e 2mmj,n j 9 )zj ^ with 1 < m^i < ■ ■ ■ < mj jTlp where 
\Yj\ = nj + 1, j = 1, 2, r. As in the proof of Proposition 13.21 the Haar measure m together with 



m jj2 - m jt i 



( e ) z 3,i \ e 3 ) z i,i 



m nj - m n ._ x 



induce 1 + ^^^ =1 (|1^'| — 1) linearly independent tracial states on Ag tT This proves that dim(Tr(y4g i7 )) > 

i+e;=i(i^'i-i)- □ 

Corollary 3.6. Let (eT and let iV(£) be the number of points in Y nOrfc(£). IfYl^eA^iO = 00 > 
then Ae a has infinitely many extreme points in its tracial state space T(Ag n ) and dim(Tr(v4e i7 )) = 00. 
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Proof. For any integer N > 1, since YI^a ^(0 = °°i one can nn d 6b £2, • £n £ T an d finite subsets 
Fj C F n Orbfe), j = 1, 2, n such that 

n 

E(i^'i- 1 ) >iV - 

It follows from 13.51 that dim(Tr(y46) i7 )) > N. It follows that dim(Tr(y46i i7 )) = 00. The corollary follows. 

□ 

Proposition 3.7. Let £1, f 2 , ..,f f eA and Yj = Y n Orb(Q, j = 1, 2, r, suc/i tt<rf K = U£ =1 Yj-. 
Suppose that Y is a finite set. Then dim(Tr(Ag ty )) = 1 + X^=i(l^il ~ 1); where \Yj\ is the number of 
elements in Yj. 

Proof. By Lemma I3.5[ dim(Tr(Ag )7 )) > 1 + $^/=i(IXj'I — !)• We need to show dim(Tr(Ae j7 )) < 
1 + 5^j=i(l^il — -^y Proposition I3.1[ a regular Borel probability measure /1011T induces a trace 
on Ag n if and only if 

/ f{z)dp{e 2me z) = [ f(z)d/i(z) 
Jt Jt 

for all f(z) G Co(T \ K). Suppose that the zero points of 7(2) are Zi, • • • , z n . Then the norm closure 
of i{z)C(T) in C(T) is 

J = {f(z) G C(T) : f( Zl ) = ■■■ = f(z n ) = 0} 

and so 

C = Cb(f\V) = {/(*) G C(T) : = • ■ ■ = /(^)} C C(T). 

Therefore, /1 induces a trace on A# j7 if and only if 

/ f(z)dfi(e 2 ™ e z) = [ f(z)dfi(z) 
Jt Jt 

for all f{z) G C. 

Let C 1 = {p: pe C(T)*andp(a) = Ofor alia G C}. Note that C(T)/C = C"" 1 . So dimC^ = 
n - 1. Suppose that Yj = $z jt i, {e Mm ^ e )z j ^ ■■■ , (e 2nim '^ d )z jA ^ with 1 < m jt x <■■■ < m jin .. Define 
p'j k s as in the proof Lemma 13.51 and let Uj = S z . t — S Zj+1 x for 1 < j < r — 1. Then 

- /^,*(e 27r<0 -) : 1 < J < r, 1 < k < n,} U { Vj : 1 < j < r - 1} 

are n — 1 linearly independent elements in C^. Therefore, there are real numbers Sj^ and tj such that 

r-l 
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for all Borel measurable subset E of T. Let n(E) = fi(E)—^2sj ) kfJ>j,k{E). Then u({zi t i}) = > 
and 

-^ e E)-^E) = J2tji^AE)-8 Zj+1A (E)). (3.17) 
i=i 

Claim t\ = ■ ■ ■ — t r -\ = 0. Otherwise, we may assume that t\ > 0. In (I3.17P let E = {^1,1}, then 
we have 8 Zjl {E) = for all 2 < j < r. Hence, fi{{e 27ri0 z hl }) > h + p,{{z hl }) > t x . In fEUTD let 
E = {e 2nie z hl }, then we have 5 Zj l (E) = for all 1 < j < r. Hence, ^({e 2 ™ 2 ^!}) = fi({e 27Ti6 'z hl }) > 
ti > 0. By induction, we have jl({e 2mn6 z\ t i}) > t\ > for all nGN. This contradicts to the fact that 
Ji is a bounded real measure. 
Therefore, 

for all Borel measurable subset of T, i.e., 

^ ie E) - ^^(^(e 2 ^)) = -X;*i,*0*j,*(^)) 
for all Borel subset E of T. Let 

^ = V ~ £ s o,kl JL i,k- 

Then 

^(e 2 ^ e E) = 

for all Borel subsets of T. Therefore, for every n G N, z/(e 2 ™ e £) = z/(£) for all Borel subsets E 
of T. Since 6 is an irrational number, { e 27rm6) : n G N} is dense in T. By the Lebesgue dominated 
theorem, u(zE) = v{E) for all Borel subsets E of T and z G T. By the uniqueness of the Haar 
measure on T, there exists i 6 I such that v = tm, i.e., \x = Yl s j,kt l j,k + tin This implies that 
dim(Tr(A ei7 )) < 1 + £;=i(l^l - 1). So dim(Tr(A e , 7 )) = 1 + E^id^l " 1)- □ 

Proposition 3.8. Suppose j(z) has finitely many points in its zero set Y and there are£i, £2, £r G A 
such that Y = UJ =1 YJ-, where Yj = YC\Orb(^j). Then r and £/ie traces induced by ^'j^s constructed in 
Lemma \3. 51 are precisely the extreme points of T(Ag^) . 

Proof. Let a be a tracial state on Ae )7 induced by a regular Borel probability measure /x on T. Then 
by the proof of Proposition 13. 7\ there are real numbers t, Sj y k such that 

H{E) = tm(E) + 2J s jt kfJ,j,k{E) 

for all Borel subsets of T. Since m and fc are mutually disjoint measures, t, Sj^ > and 
t + ^ Sj ( jfc = 1. This shows that r and the traces induced by ^- fc s constructed in Lemma 13.51 are 
precisely the extreme points of T(Ag )1 ). □ 

Corollary 3.9. Suppose 7(2) has finite zero points. Then r is the unique extreme point in T(Ag~) 
which is faithful on Ag n . 
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4 Simplicity of generalized universal C*-algebras 



In this section, we provide a characterization of simplicity of a generalized universal algebra Ag a in 
terms of the zero points of 7(2). We begin with the following lemma. 

Lemma 4.1. Let f n (z) £ C(T) /or — M < n < N. Then 



\x k h(w)\\ < 



N 



M 



xH fnH + /oH + E H 



n=l 



m = l 



and 



||/-*M0O*ll < 



A? 



5> n /»(«0 + f (w) + J] /-m(«0 GO' 



n=l 



m=l 



Proof. There is a function 7^ £ C(T)+ such that x = u ^(w), k — 1, 2, Therefore it x fk(w) 
lk{w)f k (w). 

Put a = X^Lq xl fi( w ) + Sj=i f-j( w ){ x *) k '■ Let $ be the conditional expectation. Then 
||x fe /*M|| = |k-V/ fe H|| = \Mu- k a)\\ < \\u- k a\\ = \\a\\. 
So the first part of the lemma follows. The second part follows similarly. 



□ 



Lemma 4.2. Let Y\ be the set of zero points of functions ■j(e 2mne z) forn > 0, and let Y 2 be the set of 
zero points of functions >y(e~ 2mn6 z) forn > 1. Then Ag^ is a simple algebra if and only ifYir\Y% = 0. 

Proof. Suppose Y\ r\Y 2 = and J is a non-zero ideal of Ag tJ . Then there is a positive nonzero element 
x in J. Since w^xiw*) 3 £ J, the limit formula for Q(x) in Proposition 12.11 shows that $(x) £ JC\C*(w). 
Since $ is faithful, $(x) > 0. So J R C*(w) is a nontrivial ideal in C*(w), which is contained in a 
maximal nontrivial ideal 

/ = {f( w )\f(z) £ C(T)and/(zo) = Ofor somez £ T} 

of C*{w). 

Let f(z) £ C(T) such that /(w) £ J n C*(tw) C I. Then /(z ) = 0. By flUD and (123) . we have 

= /(e 2 ^w)7(w) £ J n C*(w) C /. 



By fl2~SD and (ISISP, we have 

xf(w)x* = f{e- 2me w)-f{-e 2me w) £ JH C*(w) C /. 



(4.1) 



(4.2) 



Case 1. Suppose zq £ Then the assumption of the theorem implies that zq ^ Y\. So (14. ip 
implies that f(e 2m6 Zo) = 0. Repeat using (14. ip . we have for all n £ N, 



(x*) n f(w)x n = /(e 2 ™^)7(e 2 " (n - 1)e u;)7(e 27ri(,1 - 2)e w) ■ • -y(w) £ JnC*(w) C /. 
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Thus f(e 2nind z Q ) = for all n G N. Since {e 2nin8 z : n 6 N} is dense in T, f(z) =0 for all z£l 
This implies that J fl C*(u>) is trivial and we obtain a contradiction. 

Case 2. Suppose ^ Y 2 . Then (14. 2 p implies that f(e~ 2nl9 z ) = 0. Repeat using (14. 2p . we have 
for all n6N, 

x n f{w){x*) n = f{e- 2mnd w)-f{e- 2mnd w)-f{e~ 2 ^ n - 1)e w) ■ ■ ^(e'^w) eJnC*(w)c I. 

Thus f(e- 27Tine z ) = for all n G N. Since {e" 2 ™^ : n G N} is dense in T, f(z) = for all z eY. 
This implies that J fl C*(w) is trivial and we obtain a contradiction. 

Conversely, suppose Y± C\Y 2 0- We may assume that A G T is a zero point of / ~f(e 27TmB z) and 
'j(e~ 2mme z). Consider the subset 

J = {f(w)\f(z) G C(T) and/(e M A) = • • • = /(A) = • • • = /(e" 2 ^A) = 0} 

of C*(w). Claim that / = Ae n JAe a is a two-sided ideal of Ae n . Otherwise, there exists fi(w) G J, 

if if 

n=l 



and 



n=l 



K 



K 



71=1 



n=l 



for sufficiently large K 6N such that 



A? 



^aifi(w)bi - 1 



< 1, 



where g l n , g l , h^, h l G C(T). By Lemma [4. II and simple computations, we have 



N 



^^ / ,(e™ W )/ l (e™ W )^(e™ U ;)7(e 2m(K - 1) ^) ■ • ■j(w)+ 



i=l 



^ 1 (e 2m ^)/ i (e 2 ^ W )/ii(e 2m ^)7(^) + g i (w)f i (w)h\w) + g^f^e-^w^Uiw^e-^w) + ■■■ + 
^-i(^)/,(e- 2m(X - 1) ^)^(A'-i)(^)7(e- 27r(i '- 1)i ^) ■ ■ - 7 (e- 2 ^) + 



< 1. 



Let 



^(w)/ i (e- 27riXe w;)/i^(w)7(e- 27rXie w;) • • ^(e" 2 ^) - 

N 

f( z ) = ^^(e 27r ^^)/,(e 27r ^ e z)^(e 2 ^z)7(e 2m(/< - 1) ^) ■ • -j(z) + ■■■ + 



8=1 



19 



^ x {^z)f i {^z)hi^z) 1 {z) + g\z)f t {z)h\z) + glizMe-^hUizWe-Wz) + ■■■ + 

Since f\{z) G J, fi(e 27Tin6 A) = ••• = /<(A) = ••• = / i ( e - 2,rimfl A) = 0. Note that 7 (e 2 ™ e A) 
7(e" 2 " me A) = 0. So /(A) = 0. Hence \\f(z) - 1|| > 1 and - 1|| > 1. By Lemma HH 



2jcii/i(w)6j - 1 



>||/0)-i||>i. 



i=l 

This is a contradiction. □ 

Theorem 4.3. Let 9 be an irrational number, 7 G C(T) 6e a non-negative function, let Y be the 
set of zeros of 7 and let <p : T T be the homeomorphism by rotation of 9. Then the following are 
equivalent: 

(1) A 9r/ is simple; 

(2) A$ n has a unique tracial state; 

(3) (f) n (Y) n7 = for all integers n ^ 0. 

(4) For each (eT, Or&(£) n Y contains at most one point. 

Proof. The equivalence of (2), (3) and (4) follows from Theorem 13.21 Let Yy be the set of zero points 
of functions 7(e 27rm9 2;) for n > 0, and let Y2 be the set of zero points of functions / j(e~ 2nme z) for n > 1. 



By Proposition 12. 7\ condition (3) is equivalent to Y\ H Y 2 — 0. By Lemma |4.2[ (1) is equivalent to 
(3). □ 

Corollary 4.4. Suppose 7(2) G C(T) is a positive function with a single zero point. Then Aq^ is a 
simple C* -algebra with a unique tracial state. 

Corollary 4.5. Suppose 7(2) G C(T) is a positive function with two zero points zy,z 2 . Then Ag n is 
a simple C* -algebra with a unique tracial state if and only if there does not exist integer k such that 
Z2 — e Z\. 

Corollary 4.6. If m({z\j(z) = 0}) > ; then Ag a is not simple. 



Proof. Let Y = {z\ / y(z) = 0}. If A$ a is simple, then by Theorem I4.3[ <p n (Y) D Y = for all integers 
n^0. Then {(j) n (Y) : n G Z} is a sequence of mutually disjoint subsets. Therefore m(Y) = 0. 

□ 
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5 Rieffel's projections in generalized universal algebras 

Lemma 5.1. If X G T, then Ag^i z \ = A e ^\ z y 

Proof. Let A eMz) = C*{x,w) and A eMXz) = C*(x',w'). Then x',\w' satisfy NTty - tiTty for 7(2). So 
there is a homomorphism : A^ )7 (^) — > Ag a nz) such that <f(x) = x', <f(w) = Xw'. By symmetry, there 
is a homomorphism if : Ag^^) — > A^^m such that ^(a/) = 2, r/)(iy') = Aw. Hence ■?/> ■ <^(x) = x and 
^ • <p(w) — w; <p • ip(x') = x' and ip ■ ip{w') = w' . So if is an isomorphism from Ag tl ^ onto Ag j7 ^. □ 

Lemma 5.2. A# j7 = Ai_0 >7 . 

Proo/. Let Ag a = C*{x,w) and A x „e }1 = C*(x',w'). Then x', (w 1 )* satisfy (l2~T]l - (l27i]l for and 7. So 
there is a homomorphism </? : A# )7 — > A\_$ a such that </?(a?) — a;', y?(w) = (w')*- By symmetry, there 
is a homomorphism ^ : A\_Q a — > A^ a such that ip{x') = x, ip{w') = w*. Hence if ■ <p(x) = x and 
f) ■ (f(w) — w; <f ■ if(x') = x' and ip ■ if{w') = w'. So ip is an isomorphism from Ag n onto A\_Q n . □ 

The proof the following theorem is similar to the proof of Theorem 1.1 of [34]. However, some 
details should be treated carefully. 

Theorem 5.3. Suppose 7 is a positive function in C(T) and there exists A G T such that 7(Ae 27rm6 ') 7^ 
for all nonnegative integers n. Then for every a in (Z + 1*9) fl [0, 1], there is a projection p in Ag a 
such that r(p) = a. 

Proof. By Lemma \5.1\ we may assume that A = 1. Firstly we prove if a = 9 G (0, 1) then there exists 
a projection p in Ag n such that r(p) = 9. By Lemma 15.21 we may assume that < 9 < 1/2. 

A dense set of elements of Ag a can be represented by a finite sum of the form Y17=i fi( w ) x% + 
/H + EJli f-j(w) (x*) j , where f k (z), f(z) G C(T). Note that the set C(Y)x\ C(T), C(T) are 
mutually orthogonal to each other in L 2 (Ag n , r). In the following we identify C*(w) with CQR/Z). For 
/(t) G C(R/Z), define / e (t) = /(t - 0). Let /9(t) = ( 7 (e 2 ™')) 1/2 . Then /9(n0) ^ for all nonnegative 
integers n. 

We look for a projection p = g(t)x + f(t) + h(t)x* such that r(p) = 9. Since p = p*, by f!2.4jl and 

g(t)x + /(*) + fc(t)x* = x*g{t) + /(t) + xh{t) = g^{t)x* + /(t) + hg(t)x. 

By comparing coefficients, we see that / = / is a real valued function; and that = g(t + 9) or 
equivalent^ h(t - 9) = ~g(fj. Since p = p 2 , (jZSD-flZS!) imply 



^(t)x+/(t)+/i(t)x* = ^(t)^(t)x 2 + (^(t)(/(t)+/ e (t)))x+[(7(t)^(t)/3 2 (t - 9) + / 2 (t) + /i(t)<?_ e (t)/3 2 (t)] 

+h{t)(f{t) + f- e (t))x* + h(t)h_ e (t) (x*f ■ 
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By comparing coefficients and replacing h's with g's using the relation between them, we arrive at 
the necessary and sufficient conditions: 



g(t)g(t -9) = 0, 

g(t)(l-f(t)-f(t-0)) = O, 
/(f) - f{tf = \g(t)(3(t - 6)\ 2 + \g(t + 6){3(t)\ 2 - 
Pick any positive e > such that 9 + e < 1/2. Define / to be the piece-wise linear function 



(5.1) 

(5.2) 
(5.3) 



/(*) 



e~H for < t < e 

1 ioi e<t<6 

e- l {9 + e-t) for 6<t<6 + e 

for 9 + e < t < 1 



and define 



g(t) 



for 9<t<6 
otherwise 



1° 

Since /3(0) ^ 0, (7(t) G C(T) for sufficiently small e > 0. Then f(t) and g(t) satisfy equations (15. ip . 
( I5.2p . and (15.31) . So r(p) = / f(t)dt = 6. We also get the projection 1 — p with trace r(l — p) = 1 — 0. 

In the following we show that for k > 2 there is a projection g such that r(q) is the fractional 
part kd of fc^. Let a = {k6}. We may assume that a < 1/2. The idea is similar. Let q = 
gx(t)(u + v) k + /i(t) + hi(t) {{u + v )*) k ■ Then we will have the following equations 

g x {t) gi {t-a) = 0, (5.4) 

g 1 (t)(l-f 1 {t)-f 1 (t-a)) = 0, (5.5) 

- h{tf = \gi(t)/3(t -kd)--- p(t -6)\ 2 + \ 9l (t + a )p(t + {k- 1)9) ■ ■ ■ m\ 2 
= \ 9l (t)f3{t - k9)(3(t — (k — 1)6) ■■■/3{t- 9)\ 2 
+ \gi(t + a)P((t + a)- k6)/3((t + a) - (k - 1)6) ■ ■ ■ f3((t + a) - 6)\ 2 . (5.6) 
Pick any positive e > such that 9 + e < 1/2. Define fx to be the piece- wise linear function 



e-H for < t < e 

1 for e < t < a 

e _1 (a + e — t) for a < t < a + e 

for a + e < t < 1 
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and define 

, , \s/h{t)-h{t) 2 /P{t-k6)---P{t-6) for a <t<a + e 

I otherwise 

Since /3(0) ^ 0, 0(9) + 0, • • • , 0((jfc - 1)0) ^ 0, £ C(T) for sufficiently small e > 0. Then / x (t) 
and g\(t) satisfy equations ( 15.41) . (15.51) . and ( 15.61) . So r(g) = Jl 1 fi(t)dt = a. 

□ 

Corollary 5.4. 7f m({z|7(z) = 0}) = 0, e.g., the zero points of f(z) is countable, then for every a 
in (Z + TLB) D [0,1], there is a projection p in Ag tl such that r(p) = a. 

Proof. We divide T into equivalent classes F a , where x,y £ F a if and only if x = e 27Ttke y for some 
k £ Z. Suppose Vcn, F a D {z|7(2;) = 0} 7^ 0. By axiom of choice we can choose a representative set 
{i a } Qg y of {-Fojagy such that x a £ F a D {^17(2;) = 0} for each a £ Y. Then rndx^jagy) = 0. On 
the other hand it is well-known that {x a } a< zy is not Lebesgue measurable. This is a contradiction. 
Therefore, there exists a £ Y such that the intersection of F a and the set of zero points of 7 is empty. 
Now the corollary follows from Theorem 15.31 □ 

Combining Corollary 14.61 and Corollary 15.41 we obtain the following result. 

Corollary 5.5. If a generalized universale* -algebra A$ n is simple, then for every a in (Z+Z0)n[0, 1], 
there is a projection p in Ag n such that r(p) = a. 

This corollary also follows from 17.21 



6 K-groups of generalized universal irrational rotation alge- 
bras 

Let Aq be the universal irrational rotation C*-algebra with two unitary generators u, v satisfying 
vu = e^^uv. Then there exists an action a z of T on Aq defined by a z (u) = zu and a z (v) = v. By 
Theorem 12.51 we ma Y identify Ag n with the unital C*-subalgebra B of Ag generated by u^ l ^ 2 (v) and 
v. Then x = u^ l ^ 2 (v) and w = v. Let A be the unital C*-algebra generated by v. The following 
definition is introduced by Ruy Excel in [12]. 

Definition 6.1. For each n £ Z the n th spectral subspace for a is defined by 

B n = {b £ Ag n : a z (b) = z n b ioi z £ T}. 
Lemma 6.2. B = A and B 1 = {uf(v) : /(A) = for A £ Y}. 
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Proof. By Corollary B = A. We need to show B 1 = {uf(v) : /(A) =0 for A G Y}. Note that 
a z (xg(v)) = zxg{v). Since the norm closure of {xg{v) : g G C(T)} is {uf(v) : /(A) = for A G Y}, 
{uf(v) : /(A) = for A G F} C B x . On the other hand, if b G S a , then a z (u*b) = u*b for all zGl 
This implies that 6 = uf(v) for some /(z) G C(T). Suppose /(A ) 7^ for some A G Y. Then for 
any y = Xili^/nW + /o(z) + En=i ,/-n(»0*) n , by Lemma Owe have 

> ||x/i(t;)-«/(t;)|| = ||ri/»(tO/i(tO-«/(w)ll = IMO/iOO-ZOOII > l/(Ao)| >0. 

Thus for any y G Ag i7 we have ||y — > |/(A )| > 0. This is a contradiction. So B\ = {uf(v) : 

/(A)=0 for A G Y}. □ 

Definition 6.3. If X and K are subsets of a C*-algebra, then XY denotes the closed linear span of 
the set of products xy with iGl and y G Y. 

Corollary 6.4. B{B X = {/(«) : /(A) = /orA e7}a and BiBf = uB x B* x u* C A. 

Lemma 6.5. T/ie action ofT on Ag n is regular in the sense of {see Definition 4-4) > ^ e -> there 
exist an isomorphism 6 : B^Bi — > B\B\ and a linear isometry <f> from B{ onto B\B{ such that for 
2/2 G Bi, a G B$Bx and b G B^*, 

1. <j>{y{b) = (j>{yl)b; 

2. <j>{ayt) = e{a)4>{y{); 

3. 0(^)*0(y 2 *) = 2/i2/ 2 *; 

4- 0(Z/l*)0(Z/2*)*=^fe 2 ). 

Proof. By Corollary 16. 4[ -Bi-B* = uBiB^u* . Let 9(f(v)) = uf(v)u*. Then 6* is an isomorphism of 
BiBl onto B{Bi. Define (p(f(v)u*) = uf{v)u*. By Lemma [6T21 and Corollary l6.4l is a linear isometry 
from B{ onto B 1 B X . Let 2/1 = uf\{y) and y 2 = uf 2 {y) such that 2/1,2/2 £ B x , a = gi(v) G B\Bi C A 
and 6 = g 2 (v) G C A. Then 

0(yJ6) = ^(/i(«Kfli(*)) = (f>(fi(v)9- 1 (g 2 (v))u*) = uf 1 (v)6- 1 (g 2 (v)) U * = uf 1 (v)u*g 2 (v) = <f>(y$b, 

4>{ayl) = <j>{ gi {v)h{v)u*) = ug x {v)h{v)u* = e(g 1 (v))uf 1 (v)u* = 9{a)<f>{yl), 

<Kvl)<KvlY = {uyl){uy* 2 y = uyfau* = 9(yly 2 ). 

□ 
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Lemma 6.6. Let = {6, B^Bi, B X B\) be the partial automorphism of the fixed point algebra A as 
in [T^ . Then there exists an isomorphism 

<p:C*(A,e)^A e>T 

Proof. Clearly Ae n is generated by the fixed point algebra A and the first spectral subspace B\. So 
the action a of T on Ag n is semi-saturated (see Definition 4.1 of [ 1 2 J ) . By Lemma 16.51 a is also 
regular. By Theorem 4.21 of [12], there exists an isomorphism 



<p:C*(A,e)^A e , 



7" 

□ 

Theorem 6.7. Let Y be the set of zeros 0/7. IfT ^ Y ^ 0, then 

K 1 (A 9 „) = Z (6.1) 
and there exists a splitting short exact sequence: 

-> Z -»■ K (A da ) C(Y, Z) -»■ 0. (6.2) 
In particular, if Y has n points, then 

K {A en )=Z n+l . (6.3) 

Proof. Let J = B\B*. By Lemma [6.61 and Theorem 7.1 of [12], we have the following exact sequence 
of .fT-groups 

K (J) u ^ K Q (A) -±> K Q {A<,„) 

KMe,,) £~ K,{A) ^ K X {J) 
It is easy to see that K Q (J) = 0, K X {J) ^ C(Y, Z), K (A) = K X {A) = Z. Note that 



Kl {J) u ^ K X {A) 

is the composition of maps 



and 



Since 



R\(A) id S Kl {A). 



MA) Kx{A) 
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is zero map, 

Kl (J) ^ K X {A) 

is zero map. This gives the short exact sequence f)6.2p . 

To see it splits, note that Y may be identified with a compact subset of the unit line segment 
which in turn is viewed as a compact subset of the plane. Note also that Ki(C(Y)) = {0}. It follows 
from the BDF-theory [5] that Ext(C(Y)) = {0}. Let E be a unital essential extension of the form: 

K. E c(y) ->• 0. 

The fact that Ext(C{Y)) = {0} implies, in particular, the short exact sequence 

K (C(F)) 

splits for any such E, or, 

o -> z -> k (e) -> c(y, z) -> o 

splits for any such group K Q (E). It follows (from Brown's UCT) that Extz(Z, C(Y, Z)) = {0}. There- 
fore the short exact sequence (I6.2p splits. □ 

Corollary 6.8. Ki(Ag^) is torsion free, i — 0, 1. 7/7 /ias finitely many zeros, then Ki(Ag^) is free, 
i = 0,l. 



7 Classification of simple C*-algebras of Aq^ 

In this section, we will discuss the structure of Ag a when it is simple. For recursive subhomogeneous 
algebras see [28J, Section 1. Recall also that the Jiang-Su algebra Z is a unital simple C*-algebra of 
recursive subhomogeneous C*-algebra with one dimensional base spaces with a unique tracial state 
and with K (Z) = Z and K^Z) = {0} (see |18]). 

Lemma 7.1. Let 9 be an irrational number. Suppose that 7 has at least one zero. Then A$ n is 
an inductive limit of recursive subhomogeneous C* -algebras with one dimensional base spaces. In 
particular, if Ag n is simple, then Ag tl is Z-stable, where Z is the Jiang-Su algebra |Z2j/. 

Proof. Let Y be the set of zeros of 7. It is a closed subset of T. Let 1/4 > e n > be such that 
lim^oo e n = 0. Define 

Y n = {x e T : dist(a;, Y) < e n }, n = 1, 2, .... 

Define 



A Y = C*(C(T),uC (T\Y)) and 



(7.1) 
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A Yn =C*(C(T),uC (T\Y n )). (7.2) 

By Theorem 2.3 of [26] (or Example 1.6 of [28J ) , Ay n is a recursive subhomogeneous C*-algebra with 
one dimensional base spaces. Since Ay = lim^oo Ay n (with inclusion maps), the first part of the 
lemma follows. 

To see the second part, it follows from Theorem 1.6 of [HE] that each Ay n has decomposition rank 
at most one. Therefore Ay has decomposition rank one. Since we assume that Ay is simple, by 
Theorem 5.1 of [39], Ay is ^-stable. Note that Ay = A$ tT □ 

Lemma 7.2. Suppose that Ag tl is simple and Y is the set of zeros of 7. Let 1 be the embedding of 
Ag a = C*(C(T), uCq{T \ Y)) C Ag, and let p Agi be the induced map of K Q (Ag tl ) into K (Ag). Then 

PAe j (K (Ag tl )) = Z + Z6 and kerp^ S C(Y, Z)/Z, (7.3) 

where Z is identified with constant functions in C(F, Z). Thus one has the following splitting short 
exact sequence: 

C(Y, Z)/Z -»■ K (^, 7 ) ^ Z + Z# 0. (7.4) 

Moreover, in this case, 

K o (A 0>y ) + = {0} U {x G K (^, 7 ) : Pa 9 ,» > 0} (7.5) 
and Ko(Ag r/ ) is weakly unperf orated and has the Riesz interpolation property. 

Proof. Denote by <p : T — > T the rotation of the unit circle by 9, i.e., <j)(z) = e 2m6 z for zGl By the 
assumption of the lemma and Theorem 14.31 <f) n {Y) fl Y = for all integers n ^ 0. By Theorem 2.4 
and Example 2.6 of [33], one obtains the following six term exact sequence: 

K (C{Y)) — > K (A e ,J ^ K (A e ) 

Ki(Aq) ^ ^i(A>, 7 ) <— iCi(C(y)) 

Note that F is a proper closed subset of the circle. It follows that K\{C{Y)) = {0} and 2*0 = Pa 9i 
is surjective. Since K (A$) = Z + Z9 as an ordered subgroup of R, RanpA 97 = Z + Z#. By Theorem 
16. 7[ Ki(Ag^) = Z. One then computes that 

kerp A97 ^C(F,Z)/Z. 

It is proved in Lemma ITTLl that Ag a is ^-stable. In particular, K (Ag^) has the strict comparison. 
Therefore 

K (Ag tl ) + = {0} U {x G i^ (A?, 7 ) : PAe^x) > 0}. (7.6) 
It follows that K (Ag tJ ) is weakly unperforated and has the Riesz interpolation property. □ 
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For the convenience of the reader, we recall the meaning of tracial rank zero (or tracial topological 
rank zero) for simple C*-algebras. 

Definition 7.3. Let A be a simple unital C*-algebra. Then A has tracial rank zero if for every 
subset J 7 C A, every e > 0, and every nonzero positive element c G A, there exists a projection p G A 
and a unital finite dimensional subalgebra E C pAp such that: 

(1) || [a, p] || < e for all a £ J-. 

(2) dist(pap, E) < e for all a G J 7 . 

(3) 1 — p is Murray-von Neumann equivalent to a projection in cAc. 

This definition is equivalent to the original one following from [23], Proposition 3.8. 

Theorem 7.4. Let Ag a be a unital simple C* -algebra. Then Ag a is a unital simple AT-algebra of 
real rank zero. In particular, Ag rf has tracial rank zero. 

Proof. By Lemma 17.11 and Theorem 17. 2\ Ag n is iJ-stable, Kq{A$^ is weakly unperforated and has 
the Riesz interpolation property. Since Ag n is an inductive limit of type I C*-algebras, it satisfies the 
universal coefficient theorem. By Corollary 16.71 Ki(Ag^) is torsion free. Therefore, by [10] . there is a 
unital simple AT-algebra C of real rank zero such that 

(K (C),K (C) + , [IclK^C)) = {K {Ag j7 ),K (A ea ), [Uj, ^(A^)). (7.7) 

Let U be a UHF-algebra of infinite type. Consider B = Ag n ®U. B has a unique tracial state and 
is approximately divisible. Therefore its projections separate the tracial state space. It follows from 
jl] that B has real rank zero. Since B is ^-stable, B has strict comparison for projections. Therefore 
Kq(B) is weakly unperforated. It follows from Lemma ITTTl that B is a locally type I C*-algebra. Then, 
by applying 5.16 of [24J, B has tracial rank zero. We also note that since Ag a satisfies the universal 
coefficient theorem, so does B. 

It follows from the classification theorem of [25] (Theorem 5.4) that C ® Z = Ag tl £g> Z. However, 
C is instable and, by Lemma 17.1} Ag n is also ^-stable, one actually has 

C S A d}T (7.8) 



□ 
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Corollary 7.5. Let 6 be an irrational number, 7 G C(T) be a non-negative function, let Y be the 
set of zeros of 7 and let <p : T —± T be the homeomorphism by rotation of 6. Then the following are 
equivalent: 

(1) Ag a is simple; 

(2) Ae.ry has a unique tracial state; 

(3) (f) n (Y) n Y = for all integers n ^ 0; 

(4) For each (eT, Orb(^) n Y contains at most one point; 

(5) Ag n is a unital simple AT-algebra of real rank zero. 

Theorem 7.6. Let B\ and 6 2 be two irrational numbers, 71 and 72 € C(T) be non-negative functions 
and let Yj be the set of zeros of 7^ i = 1,2. Suppose that Ag itl . is simple, or one of the equivalent 



conditions in Corollary \7.5\ satisfies. Then Ag ull = Ag 2tl2 if and only if the following hold: 

9 1 = ±6 2 mod(Z) and C(Y U Z) /Z = C(Y 2 , Z) /Z. (7.9) 

In particular, when 71 has only finitely many zeros, then Ag u7l = Ag 2tl2 if and only if 9\ = i^morfZ 
and 72 has the same number of zeros. 

Proof. We will prove the "if part only. Note that we have Ki(Ag 1 ^ 1 ) = Kx(Ag 2tJ2 ). We may write, 
by Lemma [7. 2\ that 

K (A 6i>li ) = C(Xi, Z)/Z © (Z + US). (7.10) 

It follows that Kq {Aq 1 , 71 ) — -^0(^62,72)- m f ac ^ they are order isomorphic. By Theorem 17.41 both 
C*-algebras are unital simple AT-algebras of real rank zero. By the classification theorem they are 
isomorphic. 

□ 

Corollary 7.7. With the same assumption as in \ 7.6\ if Y\ and Y% are homeomorphic and 9\ = 
±92modZ, then Ag ltll = Ag 2tl2 . 

Theorem 7.8. Let 61,62 £ (0, 1) be two irrational numbers, 71,72 G C(T) be non-negative functions 
and let be the set of zeros of 73, i = 0,1. Suppose that Ag ia . is simple, or one of the equivalent 
conditions in Corollary \ 7. 5\ satisfies. Then Ag lj71 and Aq 2 ^ 2 are Morita equivalent if and only ifZ+Zdi 
and Z + Z6*2 are order isomorphic and 

C(Y 1 ,Z)/Z = C(Y 2 ,Z)/Z. (7.11) 

In particular, assuming, in addition, Y\ and Y 2 are both finite subsets, then Ag ir/1 and Ag 2 ^ 2 are 
Morita equivalent if and only if Z + Z6\ and Z + Z# 2 are order isomorphic and Y\ and Y 2 have the 
same number of points. 



29 



Proof. Suppose that h\ : Z + Z#i — > Z + Z# 2 is an order isomorphism and /i 2 : C(Yi,Z)/Z — > 
C(Y2, Z)/Z is an isomorphism as groups. There is an injective homomorphism %i : Z+Z#j — > ^0(^,7;) 
such that 

PA e%m °h = idz+z^, i = 1, 2. 

We write 

K (Ae^) = C(Yi, Z)/Z © u(Z + Z9 { ), 

i = 1,2. 

Define /i 3 : i^ (^ ll71 ) -»■ #0(^2,72) b Y 

^kerp. = ^2 (7.12) 

»1>71 

and 

fi, 3 (x) =?2o/iiop,4 eim (^)- (7.13) 

for x G £i(Z+Z#i). It is easy to verify that /i 3 is an order isomorphism from Ko{Ag ini ) onto Ko{Ag 2n2 ). 
We also have K 1 (Ag ini ) = Z = Ki(Ag 2il2 ). Since both Ag lt7l and Ag 2i72 are unital simple AT- algebras 
of real rank zero, by the classification results mentioned earlier, Ag lj7l and Ag 2n2 are stably isomorphic. 
In other words, Ag ini and Ag 2 ^ 2 are Morita equivalent. 

Conversely, if Ag ini <S> fC = Ag 2>12 eg) /C, then K (Ag ltJ1 ) and K (Ag 2r/2 ) are order isomorphic. 
Denote by ho the order isomorphism. This implies, in particular, ho maps kerp^ isomorphically 
onto kerp^ ^ which implies that 

C(y ls Z)/Z = kerp^ = kerp^ = C(F 2 ,Z)/Z. 

Therefore /2.0 induces an order isomorphism from p^ g tJ (K (Ag lt7l )) onto pa 02 12 {Ko{Ag 2 ^ 2 )) which 
implies that Z + Z#i and Z + Z# 2 are order isomorphic. □ 

Let GL(2, Z) denote the group of 2 x 2 matrices with entries in Z and with determinant ±1, and 
let GL(2,Z) act on the set of irrational numbers by 

aa + b 
ca + d 

By Corollary 2.6 of |34j (or Lemma 4.7 of |35j), Z + Z#i and Z + Z# 2 are ordered isomorphic if and 
only if 8\ and 62 are in the same orbit of GL(2, Z). Thus we obtain the following corollary. 

Corollary 7.9. Let 61,62 G (0, 1) be two irrational numbers, 7 G C(T) 6e non-negative functions and 
let Y be the set of zeros of 7. Suppose that Ag ul is simple, or one of the equivalent conditions in 




Corollary 7.5 satisfies. Then Ag xa and Ag 2a are morita equivalent if and only if 6\ and 6 2 are in the 
same orbit under the action o/GL(2, Z) on irrational numbers. 
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8 The C*-algebra generated by u-\- Xv 

Proposition 8.1. Let R be the hyperfinite type Hi factor with two unitary generators u,v such that 
vu = e 2m9 uv. If f(z) G C(T) and m({z\f(z) = 0}) = ; then the von Neumann subalgebra generated 
by uf(v) and v is R. Furthermore, C*(uf(v),v) = C*(u,v) if and only if f(z) ^ for all z G T. 

Proof. Let M be the von Neumann algebra generated by uf(v) and v. Since m({z\f(z) = 0}) = 0, 
/(f) -1 is affiliated with M, i.e., the spectral projections of the unbounded operator /(f) -1 are in M. 
Hence u = uf(v) ■ /(f)" 1 is affiliated with M. Since u is a bounded operator, u G M and therefore 
R C M and M = R. 

If f(z) 7^ for all z G T, then f(v) is an invertible operator in C*(v). Hence u = uf(v ) -f(y ) -1 is in 
the C*-subalgebra generated by uf(v) and t> . Therefore, C*(uf(v),v) = C*(u, v). Conversely, suppose 



f(zo) = for some z G T. By Theorem 16. 7\ K\{C*(uf{v),v)) = Z. Therefore, C*(uf(v),v) ^ 
C*(u,v). □ 

Theorem 8.2. Let R be the hyperfinite type Hi factor with two unitary generators u,v such that 
vu = e 2m9 uv. Then the von Neumann subalgebra generated by u + Xv is R for A > 0. Furthermore, 
C*(u + Xv) = C*(u,v) if X ^ 1 while C*(u + v ) is a proper simple C* -subalgebra of C*(u,v) which 
has a unique trace, K\(C*{u + v)) = 7L, and there is an order isomorphism of K (C*(u + v)) onto 
Z + 1,6. Moreover, C*(u + v) is a unital simple AT '-algebra of tracial rank zero. 

Proof. Note that 

(u + Xv){u + Xv)* = {u + Xv){u* + Xv*) = Xe- 2wie u*v + Xuv* + 1 + A 2 

and 

{u + Xv)*(u + Xv) = {u* + Xv*)(u + Xv) = u*v + e~ 2m0 Xuv* + 1 + A 2 . 

Hence u*v, uv* G C*(u + Xv). Let w = u*v . Thus C*(u + Xv) = C*(u + Xv, w ) = C*(u(l + Xw), w). By 
Proposition 18. 1\ the von Neumann subalgebra generated by u + Xv is R for A > 0, and C*(u + Xv) = 
C*(u,v) if A 7^ 1 while C*{u + v) is a proper C*-subalgebra of C*{u,v). Note that u + v and w 
satisfy (12. ip - ( 1274)) for 9 and 7(2:) = |1 + z\ 2 . By Proposition 13.21 Theorem I4.2[ Theorem 15. 3^ and 
Theorem I6.7[ C*(u + v ) is a simple algebra with a unique trace, K\(C*(u + v )) = Z, and there is 
an order isomorphism of K (C*(u + v )) onto Z + Z#. By Theorem I7.4[ C*(u + v ) is a unital simple 
AT-algebra of tracial rank zero. □ 



Corollary 8.3. C*{u + v) is not ^-isomorphic to C*(u,v). 
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9 Spectral radius of u + Xv 

In this section, we assume that < A < 1. Let a = e 2me and w = u*v. Then w is a Haar unitary 
operator in R, i.e., r(w n ) = r((w*) n ) = for all nGN. Note that 

u + Xv — u(l + \u*v) = u(l + \w), 

(u + Xv) 2 = (u + Xv)u(l + Xw) = (u 2 + aXuv)(l + Xw) = u 2 (l + aXu*v)(l + Xw) = u 2 (l + aXw)(l + Xw), 
(u+Xv) 3 = (u+Xv)u 2 (l+aXw)(l+Xw) = (u 3 +aXu 2 v)(l+aXw)(l+Xw) = u 3 (l+a 2 Xw)(l+aXw)(l+Xw). 
By induction, we have 

(u + Xv) n = u n {l + Xw){l + aXw)---{l + a {n - 1) Xw), Vn G N (9.1) 

Let r{u + Xv) be the spectral radius of u + Xv. Then 

r( u + Xv)= lim ||(«+ Xv) n \\ 1/n = lim ||(1 + Xw){l + aXw) ■ ■ ■ (1 + a {n ' l) Xw)\\ l/n . 

n~¥+oo n— >+oo 

Since w = u*v is a Haar unitary operator, we may identify w with the multiplication operator M z on 
L 2 (T, m), where m is the Haar measure on T. Hence, 

\\{u + Xv) n \\ 1/n = ||(l + Aw)(l + aAw)---(l + a (n - 1) Aw)|| 1/ri 

= ||(1 + XM Z )(1 + aXM z ) ■■■{! + a^XM z )\\ lln 

{ \ l/n 

= I max |(1 +Xz)(l + aXz) • • • (1 + a (n_1) Az)| J . 

Let z = e l2nx , x G [0, 1]. Then simple calculation shows that 

i 

/n-l 

\(l + Xz)(l + aXz)---{l + a (n - 1) Xz)\ = ( JJ (l + A 2 + 2A cos(27r(a; + k6))) 

So 



\k=0 



(n-l 
|] (l + A 2 + 2Acos(27r(a; + ^))) ) . (9.2) 
fc=0 



Lemma 9.1. For < A < I, 

[ ln(l + A 2 + 2Acos27ra;)rfa; = 0. 
Jo 

Proof. For < A < 1, let 



f{X)= [ ln(l + A 2 + 2Acos2vrx)rfx. 
Jo 
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Then /(A) is continuous on [0, 1], differentiable in (0, 1), and /(0) = 0. Note that for < A < 1, 

_ f 1 2A + 2cos27nr 
J{ ) ~ J l + A 2 + 2Acos2vrx 

1 r 2X + z + ± cfe 
2ri J T 1 + A 2 + A (z + i) ' T 
If 2Xz + z 2 + 1 cfe 



2ttz 7 T (1 + A 2 )^ + A^ 2 + A z 

i y 2A^ + z 2 + i , 

dz 



2m Jj (Xz + l)(z + X)z 

n ( 2Xz + z 2 + l \ n ( 2Xz + z 2 + l 

^es T - ; 777 7T - i + Res — — — ; -A 

\(Xz + l)(z + \)z J \(Xz + l)(z + X)z' 

1 1 



So for < A < 1, /(A) = 0. 



Lemma 9.2. Let < A < 1. Then for almost all x G [0, 1], 

(n-l 
Y[ (1 + A 2 + 2Acos(27r(x + /c#))) ) = 1. 
k=0 

Proof. We only need to show that for almost all x G [0, 1], 

n-l 



lim - ^ In (l + A 2 + 2A cos(2vr(x + k6))) = 0. 



n->+oo n 

k=0 



□ 



Let f(x) = ln(l + A 2 + 2Acos2vrx). If < A < 1, then 

2 ln(l - A) < f{x) < 21n(l + A), Vx G [0,1]. 
So f(x) G ^[0,1]. If A = 1, then 

f(x) = ln(2 + 2 cos 2nx) = 2 In 2 + 2 In | cos vrx| 

and so 

< 21n2-21n|cosvrx|, Vx G [0,1]. 

By Lemma 193] Jq 1 f(x)dx = 0, which implies that Jjj 1 2 In | cos irx\dx = —2 In 2. Therefore, \f(x)\dx < 
4 In 2 and f(x) G ^[0,1]. 

Let T : x — )■ x + ^(mod 1). Then T is a measure preserving ergodic transformation of [0, 1]. By 



Birkhoff's Ergodic theorem and Lemma [9.11 for almost all x G [0, 1] 



lim - Vln(l + A 2 + 2Acos(27r(x + ^))) = / ln(l + A 2 + 2A cos 2nx)dx = 0. 

fc=0 >/u 



□ 
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Corollary 9.3. For < A < 1, r(u + Xv) > 1. 

Proof. Let e > 0. By Lemma [9.21 there is an x G [0, 1] and iV G N such that for all n> N, 



i 

^71— 1 \ 2n 



(l + A 2 + 2Acos(27r(a; + ^))) > 1 - e. 

\fc=0 / 

By equation (\9.2\i , for n > N, 

\\(u + Xv) n \\ 1/n > 1-e. 

This implies that 

r(u + Xv)= lim || (u+ Xv) n \\ 1/n > 1 - e. 

n— >+oo 

Since e > is arbitrary, r(w + At> ) > 1. □ 

Let 9 G (0, 1) be an irrational number and let a = e 2m6 . 

Lemma 9.4. Given e > and iV G N. T/ien t/iere exists N' G N stzc/i t/iat /or n > N' and every arc 
T o/ i/ie unit circle T with length there exits + r points of 1, a, • • • , a™ -1 m T wit/i |^-| < e. 

Proof. Since # G (0, 1) is irrational, {a fc : G N} is dense in the unit circle T. Therefore, there exists 
m G N such that for every < (p < 27T, there exists 1 < k < m such that \(ip — 2A;7r#)mod27r| < |. By 
Birkhoff's ergodic theorem, there exists an arc Ti of the unit circle with length Z(Ti) = 2rr (-^ — |) 
and 

Um XTiQ) + Xr» + • • • + XrA^- 1 ) = l(Ti) = 1 e 

n->oo n 27T 4 

Let iVi be sufficiently large such that jp- < | and if n > iVi then 

Xr 1 (l) + Xr 1 («) + --- + Xr 1 (a w ~ 1 ) > 1 e e_ J_ _ e 
n — A^ 4 4 N 2' 

Let e 27ri6 * and e 27rJ ( 6 ' +27r / 7V ) be the ending points of the arc T. Let r' x C T be the arc of T with ending 
points e 2 ™ e +(*/^i anc i garip+aw/Jvj-Or/^d Then there exigtg &n ^ q < ^ < 2tt such that we can 

rotate by angle <p to obtain T[. So if {a fel , • • • , a ks } C with < &i < & 2 < • • • < k s < n — 1, 
then {a kl e ilp , ■■■ , a ks e ilf> } C rj C V. Since |(<p - 2/c7r6»)mod2vr| < | for some 1 < k < m, 

{a kl e 2kn9i , • • • , a k °- m e 2kn9i } C T. 

Since k s _ m < n — m, {a kl+k , ■ ■ ■ , o^-m+fc} cT. So T contains at least n — f ) — m = n — e) 
points of 1, a, • • • , a™ -1 . 

By Birkhoff's ergodic theorem, there exists an arc r 2 of the unit circle with length /(T 2 ) = 
2vr (i + I) and 

Um Xr 2 (l) + Xr 2 (a) + --- + Xr 2 («"- 1 ) _ Z(r 2 ) _ 1 | e 

n->oo ?T, 27T A^ 4 
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Let N 2 be sufficiently large such that j!^ < | and if n > N 2 then 



Xr 2 (l) + Xr 2 ( a ) j ^Xr 2 (a" M 1 < < 1 r 



< 1 h - = h -. 

„ -j\T 4 4 iV 2 



Let e 2 ™ 6 ' and e ^e'+2n{i/N+e/i)i be the ending po i nts Q f the arc T 2 . Let T' 2 C T 2 be the arc of T with 
ending points e^'+^/^i anc i e 27ri(0'+i/JV)+(7r/4)6i_ Then there exigtg an ^, with < ^/ < 27T such that 
we can rotate F by angle <// to obtain T' 2 . So if {a? 1 , • • ■ , a Jr } C T with < j\ < j 2 < ■ ■ ■ < j s < n — 1, 
then {a jl e iv \ ■ • • , a jV e^'} C T' 2 C T. Since |(^' - 2£; / 7r#)mod27r| < | for some 1 < k' < m, 

{a jl e 2k ' n9i , • • • , a >-™ e 2fc '^} c r 2 . 

So T contains at most n (4 + | ) + m = n (-^ + e) points of 1, a, ■ • • , a n_1 . Let AT' = max-fiV^, A^}. 
Then we obtain the lemma. □ 

Now we prove the main result of this section. 

Lemma 9.5. For < A < 1, r(u + \v) = 1. 

Proof. By Corollary 19.31 we need to prove that r(u + Xv) < 1. Let e > 0. Note that 



i(x>( 1 + A2 + 2Acos (i7)) + £ 

\fc=0 v \ / / fe =n+ i v 



l + A 2 + 2Acos 



i 

2 



ln(l + A + 2A cos 2nx)dx = 0. 



o 



There is N G N such that 



^(f>(l + A* + 2Aco S (f)) + f .„ 

\fc=0 v \ / / k=N+l 



1 + A 2 + 2A cos ( ^ ] ) 1 < e. 



2 A \ ^ \ \ N J J . ^ . V V A 

Let 



M(A) = max 

0<k<2N,k^N 



In ( 1 i A 2 • 2 A cos ( 



Then for < A < 1, Af(A) < oo. Divide the unit circle T into 2./V equal sections Ai, • ■ ■ , A 2 n- By 



Lemma |9.4[ there exists N' such that for all n > N' and all x G [0, 1], if Ap. contains n/(2N) + rk(x) 

points of e 2 ™, ae 2 ™, • • • , a n_1 e 2 ™, then — — < — — — . Note that cos27rx is decreasing for 

n M(X) 

x G [0, 1/2] and increasing for x G [1/2, 1]. Therefore, for all x G [0, 1], 



- In (1 + A 2 + 2A cos(27r(a; + k0)j) < + ^lO*)) In ( 1 + A 2 + 2A cos ( ^ J 

n fc=o 71 fc=o ^ V / . 



35 



k=N+l v \ / . 

=w (| in + a! + 2A » s (I) ) + , J , in + a2 + 2A cos (I) ) ) 

KIT \ 



+ ^r fc+1 (x)ln(l + A 2 + 2Acos(-^))+i £ 

fc=0 V \ / / fc=AT4 

^ 2JV 

< e+ - V |r fc (x)|M(A) < 2e. 
n z — ' 

fc=i 

This implies that for all n > N' and x G [0, 1], 

i 

'n — 1 \ 2n 

JJ(1 + A 2 + 2Acos(2tt(x + ^))) <e 2e . 



r k (x) In I 1 + A 2 + 2A cos I — - 



N J 



\k=0 



By equation f)9.2p . \\(u + Af)™!) 1 ^ < e 2e for all n > N' . So r(u + Xv) < e 2e . Since e > is arbitrary, 
r(u + Xv) < 1. □ 

10 Strongly irreducible operators relative to type Hi factors 

An operator T in a type Hi factor M is called irreducible if {T,T*}' (1M = CI, i.e., the von Neumann 
subalgebra generated by T is an irreducible subfactor of M. 

Proposition 10.1. Every separable type Hi factor M contains an irreducible operator. 

Proof. By [29], every separable type Hi factor M contains an irreducible hyperfmite factor. Since 
hyperfinite factor is generated by an operator T, it follows that T is an irreducible operator in M. □ 

Recall that an operator T in B(H) is a strongly irreducible operator if there is no nontrivial 
idempotents in {T}'. Strongly irreducible operators are generalizations of Jordan blocks in matrix 
algebras. A rich theory has been set up on this class of operators in the past twenty years (see [TU|l2l]]). 
Let M be a type Hi factor. An operator T 6 M is called a strongly irreducible operator relative to M 
if {T}' n M — CI. In this section we will give explicit examples of strongly irreducible operators in 
hyperfinite Hi factors. 

Let Ag be the universal irrational rotation C*-algebra with two unitary generators u, v such that 
vu = e 2m9 uv. Then there exists a unique trace r on Ag. Applying the GNS-construction to r, we 
may assume that Ag acts on L 2 (Ag,r). Let R be the strong operator closure of Ag. Then R is the 
hyperfinite type IL factor with a unique trace r. Recall that u, v in R satisfy the following properties: 
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1. r(u n ) = r(v n ) = for all integers n ^ 0; 

2. vu = e 2m6 uv; 

3. {u m v n : m, n 6 Z} is an orthonormal basis of L 2 (R) = L 2 (R,t), where u m v n is viewed as an 
element of L 2 (R). 

The following theorem is the main result of this section. 

Theorem 10.2. For every irrational number 6 e (0, 1), u+v is a strongly irreducible operator relative 
R, i.e., there exists no nontrivial idempotents in {u + v}' fl R. 

Proof. Let x G {u + v}' fl R. By condition 3 above Theorem 110.21 x = J2 m ngZ a m ^ n u m v n and 
J2mn£Z \ a m,n\ 2 = t(x*x) < oo. By condition 2 above Theorem 110.21 

(u + v)x = (u + v) a m , n u m v n = a m ,nu m+1 v n + a m , n e 2mmd u m v n+1 (10.1) 

m,n£Z m,n£Z m,nSZ 

and 

x{u + v)= a m , n u m v n (u + v)= ot m , n e M u m+l v n + £ a m , n n m ^ +1 . (10.2) 

m,n£Z m,n£7* m,nGZ 

By condition 3 above Theorem 110.21 {u m v n : m, n 6 Z} is an orthonormal basis of L 2 (R). Comparing 
the coefficients of the term u m v n in (110.11) and (110. 2p . we have 

"m— l,n i Cx mn —\e. 0: m _i jn c i Ltm,n— 1) 

which is equivalent to 

a m _!,„(l - e 2 ™ e ) = « m , n _!(l - e 2 ™ 1 *). (10.3) 

Since 6 is an irrational number, 1 — e 27TtkB ^ for k ^ 0. Let n = in equation (110. 3p . We 
have a m -i = for m ^ 0. Let n = — 1 in equation fl 1 . 3 p . We have a m _ 2 = for m ^ 0, m ^ 1. 
In general, let n = —k in equation (110.31) . We have a m _k-i — for m ^ 0, ■ ■ • , m ^ k. On the 
other hand, let m = in equation (110. 3p . We have a_i in = for n ^ 0. Similarly, in general we 
have a_fc_i iri = for n ^ 0, • • • , n ^ k. So we have a m ,n = if either both m < and n < or 
m = —n ^ 0. 

The motivation of the following part is to prove that a m „ = if either m < or n < 0. We only 
need to show that a m -k-m = and a-k-m,m = for k > 1 and m > 0. Repeat using equation (110. 3p . 
we have 



Y _ e -2nike ^ _ e ~2TTi(k+l)e ^ _ e -2m(k+m-l) 
a m -k-m = a -k 1 _ e2lrid ■ j- _ e27ri26l ! _ e 27rim6» ( 1 0. I ) 
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and 

■y _ e -2mk6 j _ e -2ivi(k+l)e ^ _ e -2ivi{k+m-l)8 
a -k-m,m = a-kfi ^ _ e2wie ■ ^ _ e27Ti26 j _ e 2„ m « (10.5) 

for m > and fc > 1. 

Let = 1 in equation (110.41) . We have 

|^_ e -27ri0| |^_ e -27ri20| | j _ e -2irik8 | 

|a m _l- m | = I "0,-1 1 M^ifll h _ e 2«2fl| h _ e 27rim0| = K,-l|- (10.6) 



In general for k > 2 and m > 0, 



|]_ _ e -2«(m+l)e| |]_ _ e -27ri(m+2)0| | _ e -2iri(m+k-l)8 | 

|a m _ fc _ m | = |ao,-fc| ^ _ e27ri 6i| i ]_ _ e 2ni2e | |]_ _ e 27ri(&-i)£>| • ( 10 - 7 ) 

To prove ao,-fc = and therefore a m -k-m — (by equation (110. 4p ). we use the following fact: 

E|«m,n| 2 < +oo \a m -k~ m f < +oo =>• lim |a m _ fc _ m | = 0. (10.8) 

m,n m>0 

If = 1, then |a mj _i_ m | = |«o,-i| by ( 110. 6p . By (110. 8p . we have |a mj _i_ m | = |a ,-i| = for all m > 0. 

To prove the general case, we need to use a property of irrational rotation. Namely, there exists 
a sequence of increasing integers m n such that 

lim e 2wim " e = 1. 

Now for each fixed k > 2, by f ll0.8[) and equation ( 110. 7p . 

= lim \a mn - k -m n \ 

n— >+oo 

lim I cxq - 



n — >+oo 



J _ e -27ri(m n +l)6»| |^ _ e -27ri(m„+2)0 | |^ _ e -27rj(m n +fc-l)6» | 

fc l M _ e 2iri8\ ' 1 1 _ e 2m26 i ' ' ' M _ e 27ri(fc-l)0 I 



\^,2Trim n 8 g— 2-7ri0 I |g27rim n 6> g— 2ni28\ \^,2nim n 9 g— 27ri(fc— 1)# I 



nH+oo l a °'~ fc ' |1 _ e 27ri6»| |^ _ e 27ri20| |] _ ( 2t/(/.-U«| 

\l _ e -2ni8\ M _ -27ri20| M _ g-27ri(fc-l)0 1 



|«0,-fe| 

|ao,-jfc| 



h_ e 27ri9| M _ e 27ri26»| h _ e 2m(k-l)8 1 



By equation (110.71) . |a rri) _fc_ m | = [ oro, jt | = for all m > and > 1. By equation (I10.5P and similar 

arguments, \a_k-m,m\ = |«-fc,o| = for all m > and k > 1. 

Above all, we have proved that a m)n = if either m < or n < 0. Hence 



l m,n 1 

m>0,n>0 



£ 

>0,n? 

For fc > 0, let x k = J2 m >o,n>o,m+n=k a m,nU m v n . Then a; = YlT=o x k as a vector in L 2 (R). Since 
.t G {u + t>}' PI i? and {u m v n : m,n 6 Z} is an orthonormal basis of L 2 (R), x k G {m + f}' fl i?. By 
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equation (I10.3f) . a mt k- m is uniquely determined by ao,fc for < k < m. Since {u + v) k commutes with 
u + v , Xk = Afc(ii + v) k for some complex number Afc. This implies that x = X^feLo Xk ( u + t 0* ; an< ^ the 
decomposition is unique. 

Suppose x G {u + f }' n -R. Let x 2 = X^fcLo a k( u + v) k . For a,b & R, let (a, 6) = rip* a). Then 

/ oo oo \ fc 

<7 fc = (x 2 , u k ) = (x, x*u k ) = / J2 X j( u + V V, Yl ^ ^ U + u I = X i X *-v ^ k > °- ( 10 - 9 ) 

\j=0 j=0 I j=0 

If x 2 = x, then = for all k. Let k = 0. Then (110.91) implies that Ao = Ag. So Ao = or 
Ao = 1. By considering 1 — x, we may assume that Ao = 0. Let k = 1. Then (110.91) implies that 
Ai = Ao • Ai + Ai • Ao = 0. By (110.91) and induction, we have A& = for all k > 0. This implies that 
x = 0, which completes the proof. □ 

By the Riesz spectral decomposition theorem, we immediately have the following corollary. 

Corollary 10.3. For every irrational number 9 G (0, 1), the spectrum of u + v is connected. 

Remark 10.4. By the proof of Theorem 110 .2\ every operator in the commutant algebra of u + v can 
be written as a formal series Y^=o ttn{u + v) n . A similar argument can show that for < A < 1, every 
operator in the commutant algebra of u + Xv can be written as a formal series Y^=-oo a n(u + Xv) n . 

In the following, we will construct more examples of strongly irreducible operators relative to the 
hyperfmite type Hi factor. Precisely, we will prove the following result. 

Proposition 10.5. For 6 in a second category subset of [0, 1], we have u + v k is strongly irreducible 
relative to R for all k = 1, 2, ■ • • . 

To prove Proposition I10.5[ we need the following lemma. 

Lemma 10.6. Let 

s I — z kt + r 

fs,rA z ) = TT "1 kTi E r,k = {z G T : lim f s , r ,k{ z ) = °}> 

■*■ ■*■ 1 — Z s->+oo 

t=l 

where k and r are positive integers such that k > 2 and r ^ OmodA;. Then E r ^ is a first category 
subset ofT. 

Proof. Let e > 0. Note that f s , r ,k{z) is a meromorphic function with finite poles on T. So the set 

D s ,r,k,e = {z G T : \f S) r jk {z)\ < e} 

is a closed subset of T. Let 

E s ,r,k,e = {z G T : \f s -r,k(z)\ < e, Va > s}. 
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Then Eg^e = O D a r k t is also a closed subset of T. 



a>s 



Let F s ^ Ty k^ = T \ E ayr fi^. Then F s>r ^,e is an open subset of T, and 

= U(t\zv,m) 

= |J^ gT: \Ur,k(z)\>e} 

a>s 

D [J {poles of / a , r , fe (z)} 



a>s 



So F SyTy k,e is a dense open subset of T, which implies that i? s ,r,fc,e is a nowhere dense closed subset of 

oo 

T. Therefore, i? rj fc C E s , r ^,e is a first category subset of T. □ 

8=1 

Proof of Proposition [T031 Define f sr> k(z) and i?,.^ as in Lemma \1 0.61 By Lemma [10. 6[ E r ^ is a first 
category subset of T. So EV,/. is also a first category subset of T. Hence 

r^O(modfc) 

T \ {e 2wW : 6 G [0, 1] is an rational number} \ (J £ nfe 

rT^O(modfc) 

is a second category subset of T. Choose a 9 G [0, 1] such that e 271 "* 6 * is in the above set. Then for all 
r with r ^ mod fc, 

lim f S) r,k(z) = 

s— »-+oo 

does not hold. 

fcVn E> ^^^^0^+ T3,r ^-n^li+i^i-. Q oK^,r^ TV.,-.™-,-.™ II O Ol .. — ^, „,ro„,n 



Let x G {m+u }'Di2 be an idempotent. By condition 3 above Theorem 1 10 .21 x = ^ m neZ 



and J2mnez \ a m,n\ 2 = t(x*x) < oo. By condition 2 above Theorem 110.21 

(u + v k )x = {u + v k ) a min u m v n = a m , n u m+1 v n + ^ a m>n e 27rikm9 u m v n+k (10.10) 

m,n£Z m.nd'L m,nSZ 

and 

x ( M + w fc )= ^ a m , n u m v n (u + v) = a m)n e 2mne u m+l v n + ^ a m , n u w ?; n+fc . (10.11) 

m,n£Z m,n£Z m,n£Z 

By condition 3 above Theorem 110.21 {u m v n : m,n e Z} is an orthonormal of L 2 (R). Comparing the 
coefficients of the term u m v n in fllO.lOp and (llO.lip , we have 

I 2iri{km)9 2-nind , 

"m- l.n i" Ltm,n— fcC ^m,—l,n^ \ ^rn,n—ki 



40 



which is equivalent to 

a m _!,n(l - e 2 ™ e ) = a m , n . k (l - e 2 ^ 6 ). (10.12) 

Since 9 is an irrational number, 1 — e 2mke ^ for k ^ 0. Let n = in equation (I10.12p . We have 
OL m -k = for m 7^ 0. Let n = —k in equation (110.121) . We have a m -2k = for m ^ 0, m ^ 1. In 
general, let n = — s/c in equation (110.121) . We have a m = for m 7^ 0, • • • , m 7^ s. On the 
other hand, let m = in equation (110.121) . We have = for n ^ 0. Similarly, in general we 

have ot-s^i^n = for n 7^ 0, k, ■ ■ ■ , sk. 

Claim that a m , n = if either m < or n < 0. By the above arguments, we only need to show 
that ao,- r = and a_ r) o = for r > 1. Firstly, we show that a_ r) o = for r > 1. 

In equation (110. 12p . let m = —r and n = k. We have 

a_ r _i, fe (l - e 2 ™^) = a_ r>0 (l - e-^W). (10.13) 
In equation (110. 12[) . let m = — r — 1 and n = 2k. We have 

a„ r _ 2 , 2fc (l - e 2 ^ 9 ) = a_ r _ ljfe (l - e ~ W +1 » e ). (10.14) 
In general, for a positive integer s, let m = — r — s + 1 and n = (s — l)k in equation (110.121) . We have 

a^ sk (l - e 2m ^ 9 ) = a_ r _. +1 ,*(l - e -™(*<r+s-i))6y (10.15) 
By equations (jHTTS]) . ffT0~T4j) . ffTOToD . 

s 1 _ e -2ni(k(r+s-t))6 

a -rs,sk = Ot- rfl Y\ 1 _ 2ni(tk)8 " 
t=l 

So for s > r — 1, we have 

\ a -rs,sk\ = \a- r ,o\ J] 1 ^ p2iri(tk)6 1 " ( 1(U6 ) 

Since 6 1 is an irrational number, there is a sequence positive integers s n such that 

lim e - 27ri(r+s " )fce = 1. 

n— >oo 

By equation (110.161). lim^oo |a_ r _ SniS „&| = \a- rfi \. Since Y,n=i \ a -r-s n , Sn k\ 2 < 00, |a_ rj0 | = 

h m n^oo \ot- r -s„,s„k\ = 0. 

Secondly, we show that a.Q- r = for r > 1. In equation (110.121) . let m = 1 and n = — r. We have 

ao,_ r (l - e 2mi ~ r)9 ) = a!,_ r _ fc (l - e 2ni{k)e ). (10.17) 
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In equation (110. 12j) . let m = 2 and n = —r — k. We have 

ai,_ r _ fc (l - e ^-'-W) = a 2 ,_ r _ 2fc (l - e ^)ey (iaig) 
In general, for a positive integer s, let m = s + 1 and n = — r — (s — 1)A; in equation (110.121) . We have 

«o,-r- (s -i) fe (l - *M-r-(.-i)*)«) = a s ^ sk (l - e 2 ^ 6 ). (10.19) 
By equations fTTOTTj) . (1X038]) . (TT0T9|) . 

j _ e -2iri(tk+(r-k))9 



- 

a 5 ,- r _ sfc = a ,-r J] 1 e 2,i(tk)9 • ( 10 - 2 °) 



t=l 

We consider two cases. Case 1: r = O(modfc). By equation (110. 20j) . 



i — *; 

k ^ _ e -2-n-i(sk+r)6 e 2iri(tk)d 

a s ,_ r _ sk = a ,_ r n _ e2?r , (tfc)e (10.21) 



for s > ' L -£-- Since 6 1 is an irrational number, there is a sequence positive integers s n such that 

lim e - 2 ™ (s " fc+r)e = 1. 
By equation (110.211). lim^oo |a Sn _ r _ Snfc | = |a ,-r|- Since Y^n=i \a Sn -r-s n k\ 2 < oo, 

|a -r| = lim |of Sn _ r _ Sn fe| = 0. 
Case 2: r / O(modfc). Note that X^^li l a s,-r-sfc| 2 < oo. So lim^oo a s _ r _ sfc = 0. By the choice of 

0, 

s ^ _ e -2ni(tk+(r-k))6 

}^ II l _ e 2ni(tk)e = 

t=l 

does not hold. So ao,-r has to be 0. 

Above all, we have proved that a m ,n = if either m < or n < 0. Furthermore, we claim that 
oc m ,n — for m, n > and n 7^ 0(mod&). Let s be the least positive integer greater than n/k. By 
equation (110. 12p . we have 

« m , n (l-e 2 ™ e ) = a m+1 ^ k (l-e 2 ^ m+1 ^), 

/-l 2iri(n-k)6\ f-i 2irik(m+2)6\ 

a m +i,n-fe(l - e v ) = a m+2 ,n-2fc(l - e ^ y ), 

a m+s _ 1)ri _ {s _ 1)fe (l - e*rt(«-(-D*)*) = « m+Sin _ sfc (l-e 2 ^ m+s ) 9 ). 

Since n — sk < 0, a m+Sjn _ s fc = 0. The above equations imply that a m ^ n = since 1 — e 2m ( n -i k ) d ^ 
for all j. 
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Hence 



x = 



2j a m , n u m v 



m>0,n>0 



which implies that x is in the commutant algebra of u + v k relative to the von Neumann subalgebra 
generated by u and v h . Since v u = e 2 v u and k9 is an irrational number, x = or x = 1 by 
Theorem 110.21 So T is a strongly irreducible operator relative to R. This completes the proof of 
Theorem 110.51 

Proposition 10.7. Let n be a positive integer. Then by Theorem \8.2\ N = W*(u + v n ) = W*(u,v n ) 
is an irreducible subfactor ofW*(u + v) = R with Jones index J21\j [R : N] = n. 

Proof. Since R is generated by u, v and iV is generated by u, v n , it is clear that every element of 
R can be written as finite linear combinations of elements in iW,0 < i < n — 1. Since Nv l is 
orthogonal to iW, 0<i^j<n — 1, under the inner product defined by the trace on R, it follows 
that R = N © Nv © Nv 2 © • • • © Nv n ~ 1 , where iW is orthogonal to iW, < % ^ j < n - 1. So 
by [30], v*, < z < n — 1 is a Pimsner-Popa basis of R over iV, and since v l is unitary, it follows that 



On the other hand, by Proposition 110. 5l for 9 in a second category subset of [0, 1], u + v n is strongly 
irreducible relative to R. So for every bounded invertible operator x G R, x(u + t> n )x _1 generates 
an irreducible subfactor W*(x(u + f™)^" 1 ) of -R. Is it true that [R : W*(x(u + f ra )x~ 1 )] = n for all 
bounded invertible operators x in i?, at least when x is close to identity in norm? 

By definitions if T is strongly irreducible relative to M, then T is irreducible relative to M. An 
operator T is strongly irreducible relative to a type Hi factor if and only if XTX~ l is an irreducible 
operator relative to M for every bounded invertible operator X e M. However, if T is irreducible 
relative to M, this is not true in general. The following result shows that an irreducible operator 
relative to M can be similar to a unitary operator. 

Proposition 10.8. Let 9 be an irrational number in [0, 1] and let n be any positive integer. Then in 
the hyperfinite type Hi factor R there exists a bounded invertible operator x such that W*(xux^ 1 ) = 
W*(u + v n ) = W*(u,v n ). 

Proof. Let a be a nonempty open connected subset of a(v n ) = T such that a D e 2mne a = 0. Let 
x _ -|_ _ E v n^(a) g ^ where E v n[-) denotes the spectral measure of v n . Since v n u = e 2nmd uv n , 



[R:N] 



= n. 



□ 



f(v n )u = uf{e 27Tin %) for all / G L°°(T,m). Therefore, 



E v n[a)u = uE v n(e 




(10.22) 
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which implies that 

u-'E^a) = E vn {e 2mne a)u~\ 
Similarly, by f™-u _1 = e~ 27Tme u~ 1 v n , we have 

uE v n(a) = E v n(e- 2win6 a)u. 

Combining the above equations, we have 



(10.23) 



(10.24) 



(xux 1 )*(xux 1 ) = x l u 1 xxux 1 = I 1 — 



E v n (a] 



We can write 



E v n (e 2 ™V 



\ 



and write 



E v n (a) 



1 
\ 
1 

\ 



7 



1 - 



Raji^n(T\(e 2 ™VUff)) 

Ran^n(e 2 ™V) 

Ran_Et,n(o") 



1 - 



E v n (a) 



( 1 
1 
y 2 



/ 



Ran£„n(T\(e 2 ™VU(j)) 

RanE„n(e 2 ™V) 

Ran E v n (a) 



So we have 



(xux l )*(xux 1 1 



( \ o\ Ran J E # (T\(e 2 ™VU(7)) 

R&nE v n(e 2nin6 a) eW*{xux~ l ). 
Ran E v n (a) 



I 
4 



/ 



Therefore, 



( 1 o\ Ran^(T\(e 2 ™VUa)) 

RanE„n(e 2 ™V) G W^xwa;" 1 ). 

RanE v n(a) 



I 
2 



/ 



This implies that 



fo 0\ Ran^ n (T\(e 2 ™VU(7)) 

Ran^(e 2 ™^) G W*(xux^ 1 ). 

Ran E'vn (er) 



-\ 
1 



Note that 



/ 








o^ 


k 


/ 








o\ 






1 

2 




SOT 























V 








l ) 




V 











RanE„n(T\ (e 2nin6 aUa)) 
Ran^n(e 2 ™V) = E v n(a). 

Ran E v n (a) 
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Hence, E v n(a) G W*(xux x ) and x — 1 



G Therefore, u G W^*(x-ua; x ). Note that 



E v u{e 2M a) = u- k E vn (a)u k G W^xux' 1 ), Wk G N. 

Since { e 2 ™ knf) }™ =1 is dense in T, E v n(a 1 ) G W*( xwa; x ) for every open connected subset <j\ in T which 
has same arc length as a. If cr is an open connected subset of T with arc length smaller than the 
arc length of a, then there are two open connected subsets a±, a 2 of T with arc length same as er such 
that <7i fl o" 2 = cr . Thus 

E v n(a ) = E v n(a 1 ) n E v n(<j 2 ) G W*(xux~ r ). 

This implies that for every measurable subset F of T, we have E v n(F) G W*(xux~ v ). So t> n G 
VT*(xmx" 1 ) and we have proved that W*(xux~ r ) = W*(u,v n ). □ 

In general, we have the following observation. 

Proposition 10.9. Let N C M be an inclusion of type Hi factors. Then there exists an operator 
S <E N which is similar to an irreducible operator T relative to M. 

Proof. We may identify N = M 3 (C) ® Ni and M = M 3 (C) <g> M x . Choose complex numbers a 1: a 2 , a 3 
such that ttj 7^ otj for i ^ j. Let D be an irreducible operator in Mi, 



* ' Oil 









' ' Oil 


1 




f 





Ct 2 





, t = 







1 




v° 





«3 y 




v° 







\ 



1 1 + D \ 

Oil— Ot2 [ol\— CK2)(ci:i— Olz) ol\— c*3 



1 





i 



OL2—OLZ 
1 



Then direct calculations show that T is an irreducible operator in M and XSX 1 = T. 



□ 



11 Spectrum of it + Xv 

Theorem 11.1. For every irrational number 9 G (0, 1), 



T 



< A < 1, 



a(u + Xv) = < 



5(0,1) A = l, 
AT A > 1, 



where T is the unit circle. 



Proof. Note that u + v — u(l + u*v). Since u*v is a Haar unitary operator, —1 G a(u*v). This implies 
that u + v is not invertible and therefore G a(u + v). For every 9 G [0, 27r], e il9 -u and e l6 v satisfy the 
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same irrational rotation relation as u and v, so a(u + v) is rotation symmetric with respect to 0. By 
Corollary 110.31 cr(u + v) is a closed disk with center 0. By Lemma l9.5[ a(u + v) = -8(0, 1). 

For < A < 1, u+Xv = u(l + Xu*v) is invertible. In the following we prove that r ((u + Xv < 1. 
The proof is similar to the proof of Lemma \9. 51 However, some details should be treated carefully, so 
we include the complete proof. By equation ( 19. ip . 

(u + Xv)~ n = (1 + Xw)-\l + aXwY 1 •••(! + a n - 1 Xw)- 1 u~ n , Vn G N. 

Hence, 

\\(u + Xv)~ n \\ 1/n = \\(l + Xw)- 1 (l + aXw)- 1 ---(l + a {n - 1) Xw)- 1 \\ 1/n 



max 

zgT 



(1 + Xz)-\1 + aXz)- 1 •••(! + a^-^Az) -1 



i 

^n— 1 \ 2n 



1/n 



max TT (1 + A 2 + 2A cos(2vr(x + kd))) 1 
, e[ o,i] \l{ 



Let e > 0. Note that 
lim 



I (± - In (l + A* + 2 A cc. (|) ) + g - in (l + A* + 2A cos (£) ) ) 



1 

2 



-/ ln(l + A 2 + 2Acos27rx)d:r = 0. 



o 

There is iV G N such that 

N , / T \ \ 2JV-1 



2N 

Let 



U g - h, (l + V + » cos (£) ) + t - * (l + + 2* <» (|) ) ) < 



L(A) = max 

Kk<2N-l 



In I 1 + A 2 + 2Acos ( ^ | 



N J 

Then for < A < 1, L(X) < oo (Note that if A = 1, then L(X) = oo). Divide the unit circle T into 2N 



equal sections Ai, ■ • ■ , A2N- By Lemma l9~4l there exists N' such that for all n > N' and all x G [0, 1], 



if A, contains /,/(2.Y) •••/•,.(.;•) points of e 27r " , ae 27rix , • • • .a"" 1 ^™, then ^ fc=1 < — ^— . Note 

n -^(A) 

that cos27rx is decreasing for x G [0, 1/2] and increasing for x G [1/2, 1]. Therefore, for all x G [0, 1], 



- In (1 + A 2 + 2A cos(27r(x + fc0))) <i^-(^ + r fc (x)) In I 1 + A 2 + 2A cos I ^ J 

n fc=o n fc=i ^ ^ ' 

+i 2 | 1 -(^ + ^w)'«( 1 + A2+2Acos (^)) 
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=h it - >» + a! + 2A «* (£) ) + s - k + a2 + 2A cos (I) ) ) 

i^-r t (i)ln(l + A 2 + 2A C o S (^)) +i £ -r l+1 (x)lri(l + A 2 + 2Aco S (^)) 

fc=i ^ V / / fc=7V V V / / 



< e+- V|r fc (x)|L(A) < 2e. 
n z — ' 

k=l 

This implies that for all n > N' and x £ [0, 1], 

'n-l 



[J (1 + A 2 + 2Acos(2tt(x + ^))) M <e 2e . 



vfc=0 

Therefore, \\(u + At>)~™|| 1//n < e 2e for all n > N'. So r ((u + Af) -1 ) < e 2e . Since e > is arbitrary, 
r ((« + Af) -1 ) < 1. By Lemma [9.5[ r(u + Af ) = 1 for < A < 1. This implies that a{u + Af) C T. 
Since cr(f + Af ) is rotation invariant, a(u + Af ) = T. 

If A > 1, then a{u + Xv) = Xa(X~ 1 u + v) = AT. This completes the proof. 

□ 



12 Brown's spectral distribution of u + \v 

Let M be a finite von Neumann algebra with a faithful normal tracial state r. The Fuglede- Kadis on 
determinant [14], A : Af — >■ [0, +oo[, is given by 

A(T) =exp{r(ln|T|)}, T £ M, 

with exp{— oo} := 0. For an arbitrary element T in M the function A — > In A(T — Al) is subharmonic 
on C, and its Laplacian 

d// T (A) := -lv 2 lnA(T- Al), 

27T 

in the distribution sense, defines a probability measure \xr on C, called the Brown's spectral distribution 
or Brown measure of T. From the definition, Brown measure lit only depends on the joint distribution 
of T and T*, i.e., the (noncommutative) mixed moments of T and T*. 

If T is normal, then lit is the trace r composed with the spectral projections of T. If M = M n (C), 
then fj, T is the normalized counting measure - (S\ 1 + 5\ 2 + ■ ■ ■ + o~\ n ), where Ai, A2, ■ ■ • , X n are the 
eigenvalues of T repeated according to root multiplicity. 

The following theorem is Theorem 2.2 of [17J. 
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Theorem 12.1. Let T G M, and for n G N, let //„ G Pro6([0,oo)) denote the distribution of {T n )*T n 
w.r.t r, and let v n denote the push-forward measure of /i n under the map t — > t*. Moreover, let v 
denote the push-forward measure of ht under the map z — > \z\ 2 , i.e., v is determined by 



v([o,t 2 ]) = fi T (B(o,t)), 



t > o. 



Then v n — > v weakly in Prob([0, oo)). 

Theorem 12.2. The Brown measure ofu + Xv is the Haar measure on the unit circle T ifO < A < 1 
and the Haar measure on AT if A > 1 . 



Proof. By Theorem a(u + Xv) = TifO<A<l and a(u + Xv) = AT if A > 1. Since fi(u+\v) is 
rotation invariant and the support of fi( u +\ v ) is contained in a(u + Xv), the Brown measure of u + Xv 
is the Haar measure on the unit circle T if < A < 1 and the Haar measure on AT if A > 1. 

In the following, we consider the case A = 1. Let T = u + v, and let v and v n be the measures 



defined as in Theorem [T2TT1 Note that ((T n )*T r 



:i + w) 



a 



n-l 



w)\n., where w 



U V 



is a Haar unitary operator. So we can view ((T n )*T n )™ as the multiplication operator on L 2 [0,1] 
corresponding to the function 



n-l 



IJ(2 + 2cos(27r(x + fc0))) 



fc=0 



Let m be the Lebesgue measure on [0, 1]. For < b < 1, since [0, b) is an open set relative to [0, oo) 
and v n — > v weakly in Prob([0, oo)) (by Theorem 112. ip . 




n-l 



fc=0 



^([0, b)) < liminf z/„([0, b)) = liminf m 

n—>oo ' n— >oo 

By Lemma 19721 for almost all x G [0, 1], 

n— 1 

JJ(2 + 2cos(27r(x + ^))) 



IJ(2 + 2cos(27r(a; + fc0))) 



G [0,6) 



lim 

n— >oo 



k=0 



In particular, (2 + 2cos(27r(a; + fc0)))| " converges in measure to the constant function 1 on 

[0,1]. Since b < 1, u([0,b)) = 0. Let r'{u + v) be the Brown spectral radius of u + v. Then 
r'(u + v) < r(u +v) — 1 (see [17], Corollary 2.6). So the support of v is contained in [0, 1]. Thus v 
is the Dirac measure Si and the support of \ir is contained in T. Since fir is rotation invariant, fix is 
the Haar measure on T. □ 
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